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PREFACE 


The problems in this book were selected from the written 
preliminary examinations given at the University of California at 
Berkeley from 1959 to 1968. They were developed by faculty 
members of the Physics Department at Berkeley who served on the 
successive preliminary examinations committees during the past 
nine years, The examinations are given twice a year. All entering 
graduate students are required to take this two-day comprehensive 
examination covering the subject matters of those undergraduate 
courses that deal with the fields of Mechanics, Electricity and 
Magnetism, Optics, Heat and Atomic Physics, ‘The examination is 
divided into four subsections, each three hours in length. No notes, 
tables or other references are to be used, Since these problems 
were submitted for publication, one major change has been š 
instituted: a slightly more advanced knowledge of quantum mechanics 
is now required, 

This examination serves two purposes. Itis a placement test 


to see whether entering students need additional study in certain 


vii 


Preface ie 


areas of undergraduate physics, and it is used as a qualification test 
for advanced degrees, Students who perform successfully proceed 
directly to the oral preliminary examination. Students are allowed 
three chances to pass the written examination: once as a placement 
test and twice, if necessary, as a test of their qualification for 
advanced degrees, Failure to pass the preliminary examination on 
the second attempt would disqualify a student from the Ph, D., 
program at the University of California, Berkeley, 

The selected problems are put in subsections similar to the 
original form of the preliminary examinations, Each problem is 
marked by a certain weight (points) and the total points in each 
Subsection add up to one hundred points, One should take no more 
than three hours to finish each subsection, To use this book most 
advantageously, readers should first try to solve these problems by 
themselves without referring to the solutions nor to any other books, 

We think that prospective students at Berkeley and elsewhere 
might like a collection of the problems given, with their solutions, 
Such a collection could help materially in their preparation for the 
test and more broadly in gauging their proficiency, Study with a 
friend or two, and related "bull sessions" might be an amusing way 
of preparing, 

In the appendix, we have added a list of books containing the 
basic information the student will need to fill a 
preparation, Often, however, 


Source of information, 


ny deficiency in his 


the text one has studied is the best 


The solutions were prepared b 


y the author and reviewed by 
Dris. G., Fong, 


R; Kunselman, K. Wang, C. F, Chan, and 
Chin-fu-Tsang, Although they were carefully prepared and checked 


b y G 
y the reviewers, errors are still] inevitable, Comments are 


extremely welcome by the author, The Physics Department of the 


University of California at Berkele 


y takes no responsibility for their 
correctness, 
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MECHANICS PROBLEMS 


(I-1) (15 points) A particle of mass’ m momentum P,, collides 


1 


elastically with a particle of mass m, which is initially at rest. 


2 
Calculate the maximum possible momentum in the laboratory system 


of particle m, after the collision. (Use relativistically correct 


2 
formulas.) Apply your result to the case of a proton having a 

momentum equal to its rest energy/c colliding with an electron at 
rest, Give a numerical value for the maximum momentum of the 


electron after the collision in MeV/c. 


(I-2) (15 points) A uniform thin rod of length L, mass m, is lying 
on the usual smooth horizontal table. A horizontal impulse, P, is 
suddenly applied perpendicular to the rod at one end. 
(a) How far does the rod travel during the time it takes to make 
one complete revolution ? i 
(b) What are the translational, rotational, and total kinetic 


energies of the rod after the impulse ? 


Mechanics Problems 


(I-3) (15 points) A uniform bar of length L and mass m is 
supported at its ends by identical springs with elastic constant K 
Motion is initiated by depressing one end by a small distance a and 
releasing it from rest. Solve the problem of the motion, identifying 
normal modes and frequencies, Make a sketch indicating the normal 


modes, 


= 


V4, Ys “Ne 
L 


(I-4) (10 points) Consider a real Nx N matrix A, If A is 


fs 


symmetric, at = Aas prove that all its eigenvalues are real. If A 
is not symmetric, prove that any nonreal eigenvalues must occur in 


complex-conjugate pairs, 


(1-5) (15 points) A body of mass m is dropped from rest from a 
height h at latitude 45° in the northern hemisphere (h << radius of 
earth), Where will it land relative to a plumb bob Suspended from the 


point of release? Be sure to state both the magnitude and direction of 
the displacement, 


(I-6), (15 points) A flexible string of length L is stretched with 
tension T between fixed supports, Its mass per unit length is Ps 


So that its total mass is M=pL. The string is set into vibration with 


to a small Segment of length a at the center, Evaluate the 


amplitudes of the lowest three harmonics excited, 


Mechanics Problems F 


(I-7) (5 points) For a solid body moving through the air at a very high 
velocity V (faster than the kinetic velocity of the air molecules), 
show that the drag force is proportional to Av’, where A is the 
frontal area of the body. 


(I-8) (5 points) What would be the length of one day if the earth spun 


so fast that bodies floated at the equator? 


(I-9) (5 points) Define cyclic coordinate. Why is it useful in solving 


problems? 


(II-1) (10 points) 
(a) (5 points) Show that the only possible real eigenvalue of a 
skew Hermitian matrix (i.e. at = -A) is zero. 

el sine 


(b) (5 points) Evaluate dx using the method of 


x? 
residues, 
(II-2) (15 points) 
(a) (10 points) How much energy would have to be supplied to 
break up the earth completely (i.e., remove all mass to %)? 
(b) (5 points) If the earth were then reassembled rapidly (i.e., 
so fast that no energy is radiated away), would it melt? Justify 


your answer, 


(11-3) (30 points) 
(a) (20 points) A rigid rod of length a and mass m is 
suspended by equal massless threads of length L fastened aan 
its ends, While hanging at rest, it receives a smail impulse P. 
at one end in a direction perpendicular to the rod and to the 
thread, Calculate the normal frequencies and the amplitudes of 
the associated normal modes in the subsequent motion, 
(b) (10 points) If the rod is hanging at rest and suddenly one of 
the strings is cut, what is the tension in the other string 


immediately thereafter ? 


Mechanics Problems 
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L 
m 
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(1-4) (25 points) A particle of mass m moves under the action of a 
central force whose potential is V(r) = Be (K > 0), 
(a) (10 points) For what energy :nd angular momentum will the 
orbit be a circle of radius a about the origin? 
(b) (5 points) What is the period of this circular motion? 
(c) (10 points) If the particle is slightly disturbed from this 
circular motion, what will be the period of small radial 


oscillations about r = a? 


(II-5) (20 points) It has been Suggested that monoenergetic photon 
beams of high energy can be obtained by scattering laser beams from 
energetic electrons produced in electron accelerators, Derive a 
formula for the maximum energy of the scattered photons in terms of 
the energy of the laser photons and the energy of the electrons in the 
beam, Make a numerical estimate for the case of a Ruby laser beam 


which is scattered from the 20 GeV electrons available at the 


Stanford Linear Accelerator, 


(III-1) (15 points) A marble of mass M and radius a rolls without 


slipping on an inclined plane making an angle ô with the horizontal. 


M 


T 
tl 


Mechanics Problems 


(a) Calculate the acceleration of the center of the marble. 
(b) If the marble is started with initial velocity Vo directly up 
the inclined plane, how long will it be before the marble returns 


to its starting point? 


(III-2) (15 points) An unstable particle of rest energy 1000 MeV 
decays into a u-meson mgc = 100 MeV) and a neutrino with a mean 
life, when at rest, of oi sec, 

(a) Calculate the mean decay distance when the particle has a 

momentum of 1000 MeV/c. 

(b) What is the energy of the u-meson if it is emitted at an 


angle 15° ? 


(II11-3) (15 points) Consider two rigid rods of length Li and Ly and 
masses M, and M, fixed to a horizontal massless rod with torsion 
constant K which is free to rotate about its longitudinal axis only. 
The massless rod is supported at both ends, and the system hangs 
under the influence of gravity. Write the Lagrangian for the system 


(define your variables) and find the equation of motion, 


M; 
M3 


(II1-4) (25 points) A particle is placed on a rough plane inclined at the 
angle 9, where tan @ =u = coefficient of friction (both static and 
dynamic), A string attached to the particle passes through a small 
hole in the plane, The string is pulled so slowly that you may 
consider the particle to be in static equilibrium at all times. ,Find the 


path of the particle on the inclined plane, 


6 
Mechanics Problems 


Particle 


(I1I-5) (15 points) A bar of mass M and length L is free to move in 
a vertical plane, as shown below: 


If the bar starts from rest at an angle of 30° above the horizontal, 


(III-6) (15 points) A moving proton collides 


is initially at’rest. Calculate the minimum 


P+P=p+ptp+p 


The antiproton (p) has the same mass 


as the proton, Express your 
result as the ratio of the kinetic ener, 


energy in Mey > 


(IV-1) (15 points} Assume that the ti 


Caused by the sun only, 


Mechanics Problems 7 


(a) Where does the energy dissipated in the tides come from, 
and what is the maximum energy available? 
(b) How is the total angular momentum of the system 


conserved? 


(IV-2) -(5 points) The life time of the -meson is 2 x 10° sec. A 
beam of u-mesons emerges from a cyclotron with velocity 0. 8c, 
where c = velocity of light. What would be the mean life of the 


u-mesons in this beam as observed in the laboratory ? 


(IV-3) (5 points) In the figure, a pulley of negligible weight is 
suspended by a spring balance, Weights of 1 kg and’5 kg, 
respectively, are attached to opposite ends of a string passing over 


the pulley and move with acceleration because of gravity. During 


3 


Spring balance 


5kg lkg 


their motion, will the spring balance read a weight of 6 kg, less than 


6 kg, or more than 6 kg? 


(IV-4) (5 points) A bullet is fired from a rifle, If the rifle were 
allowed to recoil freely (i.e., without being restrained by a person's 
shoulder) its kinetic energy as a result of recoil would be (equal to) 


(less than) (greater than) that of the bullet. 


(IV-5) (5 points) The shaded area in the figure represents an 
L-shaped uniform plate, What are-the x and y coordinates of its 


center of mass? 


8 
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x= ote 


(IV-6) (5 points) An ice cube is Placed in a glass of water at 0°C. 
After the ice has melted, the level of water in the 


glass has (risen) 
(fallen) (remained the same), i 


(IV27)- (5 points) The top is spinning about its axis in the sense 
indicated by the arrow, The lower end of the to} 
Does the top, 


P pivots on a table, 
as seen from above looking down upon it, precess 
clockwise or counterclockwise? 


potential energy V of two particles 


nce r as follows; 


depends on their mutual dista 


a.p 
Ves-2 
r2 S 
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where a and b are positive constants. For what separation r are 
the particles in static equilibrium ? 

(IV-10) (5 points) Two particles of equal mass are connected by 
springs as shown and are free to execute fobettueinal one-dimensional 
oscillations. Indicate by arrows (or describe otherwise) the relative 
magnitudes and phases of the particle displacements corresponding to 


the two normal modes, 


uw] Www» Hw 


(a) Mode No, 1: 
(b) Mode No, 2: 


z 


(IV-11) (5 points) Suppose that the radius of the earth were to shrink 
by 1%, its mass remaining the same, Would the acceleration due to 


gravity g on the earth's surface increase or decrease, and by what 
percentage? 
(IV-12) (5 points) An empty cylindrical tin can and a can tightly 


packed with luncheon meat both start rolling down an inclined plane at 


the same instant. Which can reaches the bottom first? 


(V-13) (5 points) A cylindrical can filled with water to a height of 40 
cm has on its side two small holes of equal area, one at a height of 


10 cm and the other at a height of 30 cm. At the initial time, what is 


40 cm 


Mechanics Problems 10 


the ratio of the mass of water flowing per second through the lower 


hole to that flowing through the upper hole? 


(IV-14) (5 points) A long taut string has its right end fastened to a) 
rigid wall, A transverse disturbance in the form of an isosceles 
triangle propagates with a velocity of 1 m/sec towards the wall, /At 
some initial time, the center of the triangular pulse is 2 m to thé Left 
of the wall, Draw the shape of the string after two seconds and after 


five seconds, 


(a) After two seconds: 


(b) After five seconds: 
(IV-15) (10 points) The formula for the Coriolis force is 
A 
= -2my X v š 


(a) In what situation does the formula apply and what do the 
symbols mean? 


(b) A river runs southward along a channel of width W 
north latitude }, 


in 
Then the water level on the east bank of the 
river will be different from the level on the west bank 
will be higher ? 


Which 


(c) Find the difference in height, careful 


ly defining any 
Symbols used, 


(d) Estimate crudely the order of magnitude of this effect for 
the Mississippi River, Indicate clearly the estimates (or 


guesses) that you use for the various parameters 


A F ; 3 
gle 6 with the direction of the axle, The moments of inertia of the 
disc relative to its center are, respecti . 


vely; C about the symmetry 


Mechanics Problems 


A 
axis ñ and A about any direction qr perpendicular to'n. The axle 
spins with constant angular velocity w. Find the magnitude of the 


torque exerted on the bearings supporting the axle. 


Disc 


Axle 


(V-1) (10 points) A block of mass M rests on a frictionless 
horizontal table and is connected to two fixed posts by springs having 
spring constants ki and Ky respectively. 
(a) If the block is displaced slightly from its equilibrium 
position, what is the frequency of vibration? Suppose that the 
block is vibrating with amplitude A and that, at the instant 
that it is passing through its equilibrium position, amass m 
is dropped vertically onto the block and sticks to it. Find: 
(b) the new frequency of vibration; 


(c) the new amplitude of vibration. 


(V-2) (10 points) A wedge of mass M, whose faces form an angle B 
with each other, lies on a smooth horizontal table. A block of mass 
m is placed on the wedge and is allowed to slide down. Neglect all 
friction, What is the acceleration of the wedge along the table (before 


the block reaches the table)? 


12 
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(V-3) (3 points) In the figure a frictionless, massless pulley is fixed 
to the edge of a frictionless table. The two blocks of mass 10 kg and 
5 kg are connected by a weightless string passing over the pulley. Is 
the tension in the string greater than, equal to, or less than it would 


be if the 5 kg block were glued down? 


Baa Nae ae 
10 kg 


(V-4) (3 points) A circular disc is rotating about its center in the 
horizontal plane. A razor blade is balanced on edge in a groove along 
a radius of the wheel. If the blade is pulled along the radius toward 
the center of the wheel, will it tend to fall in the direction of rotation 


or opposite to the direction of rotation? 


(V-5) (3 points) Imagine the radius of the earth shrinking by 1%, its 
mass remaining the same. Would the kinetic energy of rotation 


increase, remain the same, or decrease? If it changes, by how 


many percent ? 


(V-6) (3 points) A uniform thin rodof mass M and length L hangs 


from a frictionless pivot and is connected at the bottom by a spring 


to the wall as shown. The spring constant is K, What is the period 


of the motion? 


Mechanics Problems 4 13 


(v-7) (3 points) Two thin rods with mass M and length L are hung 
from pivots and are connected together at the bottom by a spring such 
that at rest the rods hang straight down. The spring constant is K. 
Indicate by arrows the nature of the oscillations in the two normal 


modes. What are the frequencies for these two normal modes ? 


AW 


Mode I. 


Mode IL. 


(V-8) (3 points) What is the ratio of the mass of the sun to the mass 


of the earth to one significant figure ? 


(v-9) (3 points) Two persons of equal weight are hanging by their 
hands from the ends of a rope hung over a frictionless pulley. They 
begin to climb, One person can climb twice the speed of the other 
(with respect to the rope). Who gets to the op first? (a) the faster 
climber, (b) the slower climber, (c) gett’ re together, or (d) 


indeterminate, 


(V-10) (3 points) A cork is submerged in a pail of water by a spring 
attached to the bottom of a pail. The pail is held by a child in an 
elevator. During the initial acceleration as the elevator travels to 

the next lower floor, will the displacement of the spring (a) increase, 
(b) decrease, (c) remain the same? 

(V-11) (3 points) A satellite is launched into a circular orbit of radius 
R. A second satellite is launched into an orbit of diameter 1.01R. Is 
its period larger, the same, or smaller? If its period is different, by 


how many percent? 


14 
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(V-12) (3 points) A sphere of radius R is released in a liquid of 
viscosity n, so that by Stokes!’ law its drag is 6rnRv. 

Sidi tenetanty a second sphere of identical mass but with radius 2R 
is released, What is the ratio of: 


(a) their initial accelerations ? 


(V-13) (3 points) A particle moves in the field of force given by: 
(1) F_ = 2yz(1 - 6xyz), a = 2xz(1 - 6xyz), F = 2xy(1 - 6xyz). 
x 


SNe 
(2) F Sy Oe eh ara yo ney Fe +z + (xy + yz + zx), 
x 


F ayo O eg ba aie 
z 


(a) For which forces may a potential function V(x, 


yz) be 
defined? 


(b) For which forces will the total energy (kinetic plus 


potential) be constant during the motion of the particle ? 


(V-14) (20 points) a sphere of radius r is initiall: 


Y Spinning around 
its axis with angular velocity w. 


The axis is horizontal, When 
dropped on a surface with a coefficient of friction Us 


it slips and 
then rolls without slipping, 


(a) What is the final linear velocity of the center of mass? 


(b) What is the distance it travels befor 


e achieving this 
velocity ? 


(c) Repeat the calculation of (a) in the case that u is so large 
that there igs no initial Slip, i 


Mechanics Problems 15 


(V-15) (13 points) A football in the shape of an ellipsoid of revolution 


has moments of inertia about its principal axes of I Ii sand ob 


When thrown it is accidentally given an angular Rei K ish 
makes an angle 96 (< 90°) with the long axis of the football, 
(a) What is the magnitude and direction (with respect to the long 
axis of the football) of the angular momentum ? 
(b) What is the rate of precession (neglect air friction and- 


gravity). 


(V-16) (14 points) Consider a particle moving in a central field of 
force. If we consider the radial motion only: 
(a) What is the "effective" potential in which the radial motion 
occurs? (Sketch and label the contributions. ) 
(b) What is the condition for circular motion in terms of the 
"effective" potential ? 
(c) Ifthe central potential is V(r) = kr a calculate the 


angular frequency for circular orbits, 


(VI-1) (10 points) A rectangular thin plate of dimensions a and 2a 
spins about an axis along the diagonal at a constant angular velocity 
w. 

(a) Calculate the principal moments of inertia, 

(b) What is the direction and magnitude of the angular 

momentum ? 


(c) Calculate the torques on the axis of rotation, 


(VI-2) (10 points) A rocket satellite travels in a circular orbit of 
radius r The rocket motor suddenly increases the rocket velocity 
by 8% in its direction of motion. What is the apogee distance of the 
new orbit? Sketch carefully the final orbit. Draw a sketch showing 
how the equivalent one-dimensional effective potential changes due to 


the impulse. 


Mechanics Problems 16 


(VI-3) (10 points) A uniform disc of radius a andmass m rotates 
about a fixed axis. A massless rope is fixed to a point on the outside 
circumference and leads to a massless spring which is in turn 
fastened to a fixed point. At a radius a/2, another cord is fastened 
to a spring which connects toa mass m, Set up Lagrange's equations 


for the disc and the weight. (Do not solve.) 


(VI-4) (10 points) A mass is attached to a spring which in turn is 


attached to a support. The support is driven up and down by an 


external mechanism such that the displacement x =x cos wW of If 


there is a damping medium represented by -bx, what is ices amplitude 


of resulting motion? 


Mechanics Problems 17 


(VI-5) (10 points) A solid homogeneous cylinder of radius a rolls 
without slipping on the inside of a stationary larger cylinder of radius 
R, 

(a) Write down the Lagrangian function for this system. 

(b) Find the equation of motion. 

(c) Find the period of small oscillations about the stable 


equilibrium position. 


Os / 


(a) Determine the radius of convergence of this power series: 


(VI-6) (10 points) 


(b) Prove the following by the method of residues: 


© cos mx dx -a|m| 


A 
MT ORE EG 


cos cm, 
2 
-o (x+c) +a 


where a is real and positive and c is real, 


(VI-7) (10 points) A satellite is in a highly elliptical orbit about the 
earth's equator. Sketch the orbit, showing the position of the earth, 
and describe the effect of a small atmospheric drag upon the 
satellite's path. Specifically, discuss any change in the eccentricity, 
and the period of the orbit, the length of the major axis, and the 


distance of closest approach, 


(VI-8) (10 points) A powerful pump is placed at A and pumps water, 
which flows smoothly and exits at B with a velocity of 20 cm/sec. 
The area at B is 6 em” and the area at C is 1.0 cm’, Find the 


height h of the mercury in the manometer. 


Mechanics Problems 


(VI-9) (5 points) Three point masses are located at the vertices of 
the triangle shown in the diagram. Find the principal moments of 
inertia about the point, P, on the hypotenuse halfway between the 
vertices. Indicate the orientation of the principal axes with respect 


to one of the sides of the triangle, 


(VI-10) (10 points) A child sits in a train holding a helium-filled 
balloon at the end of a 4-foot nylon string. The train is traveling at 
60 mph and is rounding a curve 2 miles in radius, 
(a) What angle does the string of the balloon make with the 
vertical? 
(b) Indicate the direction of the string in the horizontal plane on 
the sketch shown, 


Answers: (a) 


Train track 
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(VI-11) (5 points) The man in the figure weighs 150 lbs. He sits ina 
sling and pulls himself slowly up by means of a rope on a pulley. 


With what force must he pull ? lbs 


(VII-1) (20 points) Suppose you clap your hands steadily at EA 

rate 1/T,, where Ti is the time interval between successive claps. 

Each clapping sound lasts for the short time interval At, where At 

' is short compared with Ti: During the time interval At we can 

approximate the air gauge pressure at your ear as being constant. At 

other times it is zero, 
(a) Tell us qualitatively what will be the results of a Fourier 
analysis of the sound of the clapping, (You should not need 
actually to perform the Fourier analysis to tell us this result. ) 
(b) Suppose that instead of a repeated clapping sound, there is 
just one clap of duration At. Tell us qualitatively what will be 
the results of a Fourier analysis of this single clap, Compare 
the result with that in part (a), 

For both parts (a) and (b), we want a sketch of the Fourier "spectrum" 

versus frequency, i.e., a sketch of the intensity versus frequency, 


with appropriate labels to show the qualitative shape’ of the spectrum, 


(VII-2) (10 points) Given a unitary matrix S and matrix T such that 


S = lr 2it: 


Mechanics Problems 20 


(a) Show that in the limit as [Tal << 1.0, T is Hermitian. 
(b) Show that for all T 
2 
Im (<a|Tla>) = - D <n|Tla> 
n 


where a is any state in the space on which S and T operate and 


| n> represents a complete set of such states, 


(VII-3) (15 points) A wooden crate partially full of bricks sits on the 
back of a truck. The crate is one meter square in cross section; its 
mass is negligible compared to that of the bricks. It is found that if 
the truck accelerates at a rate faster than 6 m/sec’, the crate will 
begin to slide, How high may the bricks be piled into the crate before 


there is danger of its overturning at this acceleration? 


(VII-4) (15 points) A box of delicate equipment is placed on a cushion 
to shield it from vertical vibration. 
(a) The box sinks 6 cm, when placed on the cushion, What is 
the natural period of vibration of the box and cushion? 
(b) If the floor vibrates at 20 cps, what is the ratio of the 


amplitude of vibration of the box to the amplitude of vibration of 
the floor? 


(VII-5) (20 points) The captain of a small boat becalmed in the 

equatorial doldrums decides to resort to the expedient of raising the 
200-kg anchor to the top of the 20-m mast. 
mass of 1000, kg, 


The rest of the boat has a 
(The radius of the earth is 6400 km.) 

(a) The boat will begin to move. Why ? 

(b) Which way? 


(c) How fast? 


(d) Where does the energy come from? 


(VII-6) (20 points) A ring with mass m 


slides over a rod with mass 
m 


2 and length L which is pivoted at one end and 


hangs vertically, 
Mass m 


1 *8 Secured to the pivot by a massless spring with spring 


Mechanics Problems 2l 


constant k such that in equilibrium m, is centered on my. The 


motion takes place in a single vertical plane under the influence of 


gravity. 


Mille 


(a) Write the Lagrangian of the system as a function of 6 and 
R as shown, 

(b) Obtain the differential equations of motion for ð and R. 
(c) Find one of the normal modes and its natural frequency of 


vibration (in the limit of small oscillations). \ 


(VIII-1) (10 points) Show that a function that is everywhere real and 


analytic must be a constant, 
(VIII-2) (10 points) Given a vector V and a tensor T 


ie ts) ice ane: 

2 Aao 

both referred to a two-dimensional Cartesian coordinate system 

Xj Xo Compute the components of the vector and the tensor referred 
to the new coordinate system obtained by a rotation of the old 


coordinate system by 90° in a positive sense about the x4 X Xo axis. 


(VIII-3) (20 points) Show that the function 


-ar 
f(r) = Ê 


deo no— LELE D 


22 
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satisfies the differential equation 


qf sant Reamer 


(VIII-4) “(20 points) Find the Lagrangian and the equation of motion of 
the following system: m = point mass on massless rod of length L. 
The rod is hinged (frictionless hinge), The hinge is constrained to 


oscillate vertically with harmonic motion: 


h(t) = hy cos wt. 


The only degree of freedom is 9 which measures the angle of rod 


from vertical. (This thing is called an "upside-down pendulum, "') 


Hinge 
8 Gravity 


h(t) 


Ue, 


(VIII-5) (20 points) Three identical pendulum clock 


S are at an airport 
located on the earth's equator. 


Clock A remains at the airport. 
Clock E is carried by an East-flying airplane E. Clock W is carried 
bya West-flying airplane W, At exacti 


y noon one day, all three 
clocks read the same, 


Planes E and W take off at noon, 
flies around the world at the equator, at cons 
towards the East, 


Plane E 


tant ground speed, 
Plane W flies around the world at the e 


quator, at 
constant ground speed, towards the West. 


Both planes arrive back at 
Thus both had the same 


» the clock A that remained 


the airport at the same time the next day 


ground speed, When the airplanes arrive 
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at the airport reads exactly noon, i.e., 24 hrs, 0 min, and 
0.00000000 sec have passed between take off and arrival of both 
planes. 
(a) Do the three clocks still agree with one another? If they do 
not agree, list all the physical effects you can think of that would 
would make them not agree. 
(b) Consider only the most important physical effect, Find the 
clock reading of clock E and that of clock W when the airport 
clock A reads noon (after 24-hour trip). 


Assume that the radius of the earth is 6000 km. 


(VIII-6) (20 points) According to the Newtonian theory of gravitation, 
the gravitational potential due to the sun is given (assuming spherical 


symmetry) by 
i eae 


where G = 67x 10° cgs units (gravitational constant), 
GM = 1.3 x 1026 cgs units, M is the mass of the sun, and r is the 
distance from the center of the sun, 
(a) What is the formula for the force on a particle of mass m 
located at distance r from center of sun? 
(b) According to Einstein, Newton's theory must be corrected, 
If we include the first-order correction, the gravitational 


potential can be written 


ge MA 


r 2 
y 
Use a dimensional argument to guess an expression for the constant 
A. The correction term involves the velocity of light, as well as G 


and M. Your guess is only expected to be good to a factor of 2. 


(c) Estimate the relative magnitude of the correction term 
(relative to the Newtonian term) at the location of the earth, 


cnet 2s a an ae ae f Re ow neo a. 


paon 


SOLUTION SET OF MECHANICS 


(I-1) Let Re Bi be the momenta of particles 1 and 2; 
respectively, after collision; IP, | is the maximum possible 
momentum of Mp, i.e., particle 1 is scattered backward in the 


c.m, system, Pii By B therefore, are in the same direction, 


m; m3 
o——_> e eo o> 
Before collision After collision 
a. It is possible to solve for Py by the following equations 
according to the conservation of momentum and ene 


rgy, 
Babee 
Bea (1) 
+ = 
E ms E,+E (2) 
where 
32 2 + 
mien ag ee 
1 Pat Ms E, = P3 tmi 
and 
22 2 
Es Pytm). 


"vectors, Let us define: 


where we have adopted the convention that 
c=1 and j=/-1, 


(1) and (2) can be sombined into the following form: 


24 
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- = + 
Fa Py Es Py (3) 
or 
= + 3 
P3 P} Py P,. 
We consider the invariant scalar product 
2 2 2 2 
= E + + . = z w $ 
P3 Pi Po Py aP Py 2P] P4 2P, P, 
and use the relations 
PoS 2a 
l 
(4) 
Pos Py ESERE e P abe toni ent ines anand E 
i j Up) i 
We obtain 
2 ecm!) Ome + 2B) mm, FRE te Cen Bal 2p, + 
ae Giana ere 12 a0 174 sheng 


which can be simplified by the given condition that Py is parallel to 
Pp We obtain 


2 2 aul 2 2 
(m, + E,) [eras ie IP, | : IP,| = (rn, 24m) = 0 (5) 
or 
2m (m, +E )|P | 
m,m 
IP, | AS ae) A D (6) 


ee 2 
(m, + ED mie ee 


where we have discarded the other solution of (5), i.e., 


|B, | = 0, which is trivial, 
b. It is given that 
EA = m, = 938.2 MeV 


then we have 
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ey (Pt + mi) = 938, 2V9, 


Using m, = 0.5 MeV, we have from (6) the maximum momentum of 


the electron after the collision, 


|B | - —2(0.5)(0.5 + 938, 2/3) (938, 2) 
a a a da e . 
o S + 938, 272)? - (938, 9)2 


My 327) 5 (938, 2) 
(1227 )e"'- (938, 2) y 
or EA = 1.4 MeV/c, 
(I-2) 
Å 


P~ 


a. Let Va be the velocity of the center of mass of the rod and 
6, be the angular velocity of the rod with respect to its center 


of mass, Using the equations of impulsive motion we have 


A 
F = mvs (1) 
and 
fr 
Sarg 
or 

PL 

Oya 

OZ 
where 

2 

ERB T 

I= 3m) 
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is the moment of inertia of the rod with respect to the center of mass, 


If, at time t, the rod makes one complete revolution, then 


8 t= 20 (3) 


Therefore the distance the rod travelled after making one complete 


revolution is 


2 
s-2 me, (4) 
3FL 
b. The translational energy is 
FAN A 
toy? 1a a 
ty tar Yo Ui Bie aoe 
m 
The rotational energy is 
LA? Le? 
7298s oom 
Ng 
3 F 
eee, (6) 


The total energy is the sum of the two: 


A 
2F 
T(total) = Ti E os T 
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(I-3) 


Let b be the length of spring before the motion is initiated 
(note that b is not the natural length of the spring because of the 
existence of gravitational field. b = natural length - mg/2k) and 
xi Xy and x be the length of spring 1, spring 2, and the height of 
the center of mass of the rod at time t. We have the constraint that 


x + Xo = 2x because the rod is rigid. From the second law of 


motion, we have 
mx = -k(x -b)- k(x, - b) 


or 


Na kee or 2k 
ey CX ekb) EEE e b), (1) 
Now let 


From the equation 
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J_ = torque 
oO Sad 


we get 


ge -pE -pE 
16 = k(x, b)5 + k(x, bs 


y PAST 
18 =- by T x,) P g kL 6 


where (x, - x) = L0. Using 


mR 
I = 73b 
we get 
gocek 
m 


The solutions of (1) and (3) are 


x = A cos (wt + B) 


and 


8 = C cos (wot + D) 


respectively, where 


[Œ ana _ | 8k 
EASA MANS 


The initial conditions at t=0 are 


a 

x (b- 5 
ga 
L 
x=0 


29 


(2) 


(3) 


(4) 


(5) 
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8 =0, 


Substituting (6) into (5) and (4), we have 


b - $= A cos (B) (7) 
O= -Aw sin (B) (8) 
sal 9) 
z“ C cos (D) ( 

0= ~ Cw, sin (D). (10) 


From (8) and (10) we get 


B=D=0, (11) 
Se 
= = 
and 
a 
feet. (12) 
From (4), (5), and (12) we obtain 
2b-a é 2k 
= 7 cos wt with wi aes 
and 
a $ _ | 6k 
8 = 7, cos Wat with Wo S a 
The two normal modes of vibration are defined by 
sai rs (2b - a) cos wt (13) 
Xx, pep =a cos wot ea) 


If X, = 0, we have Zg = -%,, Le mode X, 
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— <<a.----] rane. 


If X, = 0, wehave x, =x, i.e., mode X 


2 2 1 1 


(1-4) 
a. It is given that A is symmetric, i.e., ai = te We have 
x At = ay, (1) 


where | is an eigenvector of A and a is the corresponding 


* 
eigenvalue of A. We multiply (1) by Vy from the left: 


ok x 
2 Uan aD yiti = 
1, J i 

Taking the complex conjugate of (1) and multiplying on both sides by 
(A from the left, we get 


ROK xok 
2 At =a vi (3) 
J 

and 

5 * k 5 x x 

H paat a Dye ; (4) 
1, J $ 


We can interchange the index i and j on the left side of (4) and get 


Kook x x 
2 tA =a i Vie f (5) 


i,j x 


Since A is real, A =A. Furthermore, if A is also symmetric, 
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then al =A... Interchanging i and j on the left side of (5) and 
ij ji Ri f 
using the relation er = Ar we obtain 


* * x 
a Sne 2 Whi: 


(6) 
ist 
* 
Comparing (2) with (6), we get a=a - Therefore a is real. 
b. If a is an eigenvalue, we have 
= Ti 
me da (7) 


where Ay is not symmetric but real, The complex conjugate of (7) is 


x Ok 
PE =a vee 


* 
Therefore a is alsoan eigenvalue of A, 


(I-5) The equation of motion in a reference system rotating with 
angular velocity w is 


(1) 


where 
F + 

ps 
—-wx Wx R) = g 
is the effective acceleration of grayi = 27 “5 
gravity and w B6400 77 X 10 “/sec 
is the angular velocity of the earth. 


(1) reduces to the following expression: 
> 4 m ASA 
a= g= Wry, 


(2) 


(3) 
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Via ola 


a = Qwv_ sin 45°, (4) 
x Y 


x 


Therefore, 


t 
. v2 2 
x= K a t ars wet 


and 


p 
a] 


X =o xdt = 


g ra (5) 


From (3) we have 


Leza | 2h { 
h=58t OR ts (6) 


hence (5) becomes 


Mee TSB 
3 we 


It will land east of a plumb bob suspended from the point of release, 
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(I-6) 


| | 


y 


For a string the equation of motion is 


2 2 
oy 22y 4 (1) 
at P ax 


where T is the tension and p is the mass per unit length, The 


initial conditions at + = 0 are given to be: 
ye Ov for aliex 
and 


ae LM net 
y=0 aa i D 


p L_a Laa 
y Ya for 5 a Gare) 


Eve: 
= >(H+2 
y=0 for x G z 
The general solution of Equation (1) is: 


n DT: NAE or / T +. nT 
y ta (A, cos L f BH sin T a . a a x (2) 
At t=0 we have 
y=0 : 


That is, 
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> AL sin “x =0 forall x. 
n=1 g 


The above relation is true only if all AL are zero, i.e., 


AL = 0 forall n. (3) 


Therefore (2) leads to 


4 z ar E sin T 1 
y(x) = 27 pa LS sin > x. (4) 
n=1 
Therefore 
Ba 7 a |= T AN y(x) sin Er dx 
L+a 
2 
wee fp: aT 
ne By haa sin x dx 
2 
By H nta nr _ nTa 
= 22 & (cos ae - or) - cos (sai) (5) 


For n= 1, 2, 3 we can get the amplitudes of the lowest three 


harmonies By By B, from (5). 


(I-7) In time interval At, the number of air molecules accelerated 
to the velocity V is proportional to AVAt. Therefore the total 
momentum, AP, transferred to the air molecules is proportional to 


AV At. The drag force is 


which is proportional to av’. 


(I-8) In this case, the centrifugal force should equal the earth's 


gravitational force at the equator, i.e., 
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02 
R§ =g. 


2 4 
Using R=6x 10° im and g=9,8 m/sec“, we find 
5 = | 1 

8 = R ~% 300 sec, 


RS i =~ 16007 sec ~ 14 hour. 


This is approximately the period of an artificial satellite around the 
earth at low altitude, 


(I-9) Cyclic coordinates: those coordi ‘ates which do not appear 
explicitly in the Hamiltonian. Since 


Multiplying both sides of (1) by yt from the left, we obtain 


vray = ayty, 


The Hermitian conjugate of (1) is 


(3) 


where we have used a Fae Le we Multipl 3) b fe} e right 
i ( ) 
ply y y from the ight, 


vraty 3 apy. 
(4) 
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Since al = -A, (4) becomes 


vay = -ayty (5) 
From (2) and (5) we see 


a= 0. (6) 


>< 


Since sin z is not well defined, when z =x +iy approaches infinity, 


42 ; ix 
-we have to express sin. x interms of e , We have 


sin? PR eog 2x Re ¢ - exp 2x), 


For positive y, exp (i2z) decreases exponentially and therefore the 


integral 


i 1 - exp (i2z) ab 


Z 


along C,, vanishes, We can now evaluate I by substituting z for 


R 
x and integrating over the upper half hemisphere, 


aero w 7 & 
Tale SIE dx = Ref Hep OP) de + Ref 1 - exp (i2z) 4, 
x 


"i 2 
2x CR 2z 
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3 Re $ 1- exp (i2z) "an 
2z 


= Re (ri Res(x = 0)) 


where Res (x = 0) is the residue at x =0, In this case the integrand 


has a pole of order n = 2. The residue is 


Ln) = 2,2 = exp. (i2x) 
Res (x = 0) = Beg a 


Therefore 
Ee REG) = a, 
(II-2) 


a. Let us gradually peel the earth by 


removing one thin (outer) 
Shell of thickness dr at a time, 


The energy needed to remove this 
thin shell and the remainder, We have: 


Remove this 
shell to infinity. 


Mm 
d(Work) = - potential energy =G—" T (1) 
r 
where 
M = 40.3 


r gt Ps a = -4rr odr 
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where p is the density of the earth. Here M is the total mass 
within a distance r of the center and ma is the mass within a shell 
‘of radius r and thickness -dr. Therefore 


2 
o&m pa 4 


d(Work) = - d(P.E.) = - r dr (2) 


The total energy needed therefore is the integral of (2) from r=R 
to r=0 


2 0 
-GUm 2p? 4 
Work = “3 ae) m r dr 
alam)? AE 
REE T 
2 

3 nM 

= 6.7 H 


where M is the mass of the earth and R is the radius of the earth. 


x? 
R 
Assuming the heat capacity of the earth is constant, we obtain the 


b. Let the potential energy 3a equal the heat absorbed, 


following relation: 
2 
34M 
AE E. 
sR = MC aT (4) 


where AT is the increase in temperature of the earth after the earth 


has absorbed the amount of heat released, Assuming 


T 
Ca 0.3 cal/gm-K° = 1.2 x 10` joule/kgm-K°, 
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~ 


$x 10 x (6 x 105) x 3x 10° kK, 


LN 
cee 


Yes, it would melt, 


(II-3) 


Let 8, and 95 be the angles between the vertical line and the 


String-one and the string-two, respectively. The angular velocity of 


the center of mass of the rod is 


1785 (1) 


The angle § is related to cy and 95 by 


The rotational kinetic energy is 


+2 2 
et 2 Liye 2 
R.E, I> = 2 84 84) 


2a 
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2 
mL 2 
oan (8, = 95) (2) 
where I is the moment of inertia of the rod and equals ma” jiz. 
The potential energy (for small 84 and 85) is 
1 

iad y A -+ - 
V z mel ((1 - cos 8,) (1 - cos 8,)) 

~ TEE eT taa) (3) 


where we have made use of the series expansion for cos 9. From 


(1), (2), and (3) we obtain the expression for the Lagrangian £: 


Hei eee, 


L? 
LET- v= 6, +4.) fea {O47 2 


1 2 2 
-gmeL(os +65) (4) 


where we have used T = T.E., + R.E, The two equations of motion 


follow from the Lagrange equation 


at ge @,-8,) + gmere, = 0 a 
mL? oe mL? Pe be 1 
=r 6, +8,) +75 ©, - 0) + gml = 0 (6) 
We add and subtract (5) and (6) to get 
a os 

a ©, -'6,)+ meL@, - 05) = 0 or e -5 +586, -8,)=0 (7) 


mL G +8,) + melt, +0,)=0 or +8 )+Ë6 +80 (8 
The solutions of (7) and (8) can be written in the form 


= ja P R 1 
Xi (By 85) 2A sinwjt + 2A cos wt 


n 


X 


2 84 te) = 28 sin wt + 2B! cos wt 


2 


where w, and w, are the corresponding frequencies, From 


1 2 
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equations (7) and (8) we have 


1 L 
w= [EL Jg 
2 L? L 


The initial conditions are 


9, iS 95 = 0 
which imply 
= Bis 0 


Therefore we have 


8, =A sin wt +B sin wot 
85 = -A sin wit +B sin Wot, 


and from the impulse equations 


2 
is ; ma Er; a TATAI S i 
Pad Sit “a O17 6) S66) 
p- Tate ede : 
Bee ec bs 


GaN 
DEME 
Aa 2B 
2 mL 


From (12), (13), (16),. 


-and (17) we obtain the amplitudes of the 
modes: 


A A 
Pix OR 
mL m/ Lg 


42 


(9) 


(10) 


(12) 


(13) 


(14) 


(15) 


(16) 


(17) 


normal 
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and 


mg 


Let T be the tension of the string, According to the second 


law of motion we have 


(mg - T) = nis a) 


and the torque equation with respect to point A is 
a9 (2) 


Eliminating § between (1) and (2), we get 


T= ime. (3) 
(II-4) 
a, If the orbit is a circle, the attractive force -dV/dr must 


equal the centrifugal force in magnitude. Therefore we have 


vé 


K (1) 
r 


r 


or 


viwr /(3Kr) =a y 3Ka (1) 


Phe kinetic energy of the particle is 
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3 
1 2 Beene _ 3Kma (2) 
eee aoe 


and the angular momentum of the particle is 


J= meg = mrvy = en I(3Kr) = ma? V3Ka (3) 


where we have used the relation 


v v 
§=-=— 
p a 


b. From the angular velocity 
6 = /(3Ka), 


we find the period of the motion to-be 


p= 20. ar 
8 vV (3Ka) 


c. After the Particle is disturbed, the path changes from r=a 


TOPS ef). inet us write r=g4 X, where x isa small quantity, 


der in x is 


mi + eve) V"(a))x = 0, (4) 
where 
Via) = ve) a SKa 
2 
i d 
v'es 2X |. 6RKam. 
dr“ r=a 
Substituting V'(a), V" (a) into equation (4), we have 
X*+ 15Kax = 0. ) 
(5 
This is the Equation of Motion for a harmonic °SCillator with angular 
frequency 
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(II-5) 
e is é Y 
— o e 
oO OOOO 
P; Py P; P, 
Before collision After collision 


Let us define the following 4-vectors with the convention that 
c=] and jee 


Pe ep jE) = (È jE 
17 (Py JE,), Baia 3? JE) 


> 4 4 
P = (Py IPI, Py = (@,. gIP, |). 


Using the conservation laws for momentum and energy we get 


Py Ry ee (2) 


or 


= $ Fy 
P, Ri Ps Py: 


After squaring, 


2 2 q 
- Ti Ds + a PY 
ine m 2(E) Pi cos aE 2E] Ji cos 8, )E, 


` 


+ 2(1 - cos 95 )E,E,. 


(Note: See problem (I-1) for various details involved in this step.) 


We can solve for Ey 


(Ey - PY cos 212E 


cos ER + (1 - cos 854), 


E (2) 


LF FP 
(Ey PF 


For 20 = Gev electrons, mo is negligible compared with Ej 


therefore 
E, ~ Pi 5 


To make E, maximum, we must have cos Or er 
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= a.,=-l, 
cos 814 1 and cos 234 


+ f + 
so that Py is in the same direction of Pi and opposite to Py. It 


follows from (2) that 


2E 
Baie ean e 


v 
2 


i.e., the scattered gamma ray is almost as energetic as the incoming 
electron, 
(III-1) 


ee 
||P 
ee ee Ri 


a. Let P be the point the marble is instantaneously in contact 


with the inclined plane at time t. The torque equation with respect 
to P is, 


- Mg sin ba=16 (1) 


where D is the moment of inertia with respect to point P, 
According to the theorem of parallel axes we have 


l= Zma? +Ma = Ema’, 


Therefore we have the linear acceleration; 


% =a -7g sin 6, 


(2) 


b. Because of the conservation of energy, when the marble 


returns to its starting point, its velocity must also be y » but in the 
o 


/ 
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opposite direction, Using the relation for motion of constant 


acceleration 


Paes St (3) 


where 


and 
x =e sin 6, 


we obtain for (3) 


ee ; 
av = yet sind. (4) 
Therefore 

lav 
ne 5g sin 6 aa 
(III-2) 


a, We are given that a particle of rest mass 1000 MeV has a 


momentum of 1000 MeV/c. The velocity of the particle is 


2 
a -Pe = = o, $ (1) 
me’ V2x1000 V2 
Its mean life is 
ee = -8 
T = (1 - B2) Ly 2 N 0 dec, (2) 
o m [0] 


o 
Therefore the mean decay distance 


S = vT = 300 cm. 


b. Define 4-vectors: 


Poe i, jE.) 


>N 
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> 
P= (Peete) 
u u 
ad ` 
P =(P,jJjE) 
v v 
From the conservation of energy and momentum we have 
Pena shy 
v u 


Squaring both sides of (5) we obtain 


or 
2 2 
0=-m -m +2E E -2P P cos 15° 
x u Sasa HEG 
Using the given values for Ey Ph a and m we obtain 
j u 
is 4 2 2 
2000/2 E - 2000 P cos 15° = 1000" + 100°. 
For such high energy muon the term m is negligible and E ~ 
U u 


so wé get 


500 


E x = 
UAN Iia cog 15° 


~ 1100 Mev. 


See problem (I-1) for more details on manipulation of 4-vectors, 


(III-3) 


i 
| 
| 
| 
| 
f 
I 
\ 


I 
1 

| 

| 
“JIL 
ie 
| 
6 | 

1 03 
(The motion is perpendicular to the rod) 


1 
The moments of inertia of the two rods are 


Leto and p 
two rods, 


48 


(3) 


(5) 


be the angles between the vertical line and the 
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iL 2 

L =3M,L, and (1) 
1 2 

1, =3M,L,. 


The sum of the kinetic energies of rod one and rod two is 
2) nears 2.2 
+— 
16 5158 389° (2) 
The potential energy of. the whole system is 


Li Lo K 2 
V=M et - cos 8,) + M,g>-(1 - cos B54) t Oan) (3) 


The Lagrangian of the system is 


BO ey S O 
L- TV = @ Mabie pie owere 
ib L 
1 2 K 2 
-z M48 - cos 8,) “4 > M8 - cos 85) -= 381 = 83) 
E EE a 1 2 2 
“gM, L101 +g Ml - 7M, L180; - a Mob2883 77381 7 0a) G 


where we have made a series expansion of cos 84 and cos Gp 


From (4) we obtain 


albanien oa) 2.. 
at Cg = gM, boy 
1 
E ee ee 
38, 189; {oles 
darian Qe 
as = =M,L6, 
2 
Sins 
Bobi ie 3 f 5 
28, 5 M,L,80, - K(e, 89). (5) 


Substituting (5) into Lagrange's equation, we get the following 


equations of motion 
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1 ae E +K. -0,)=0 
3M4% + 5 M5488; K@, 8, 
1 eye Bi f Zo 
BM Lot, + 3Mgl2803 K(9, - 84) 
or 
21,8, + 3g, +0, - 6,) - 0 
1") 1° 6M,L, "1 °2 
2L6, + 388 ae gpa ay ety 
2°2 POs EME A 
2 
Letting 9; = ett Oy = Belt, we get for (6) 
2 K 
-2Lw A+ 3gA emo, B) =0 
2 K 
5 + A EENEN 5 
2L UB + 3gB AN B) 


Rearranging (7) we get 
2 K K 
(-2L 0“ + 3g raat s Se) 


K 2 K 
3 A + (-2L wW" + 3g + ———)B = 0 
6M,L, 2 OMD ae 


\ 
If the equations are to be consistent with each other, we must have 


2 K K 

-2L,w + 3g+———, -——_ 
2L] K 
6M,L, 6M, L, 
20 
2 K 
» 72L UV + Igt 
6M, L 2 6 

2 Mol, 


From equation (9), we get 


(-2L,0 + 3g + 


K 2 K 
e S $ 3g + ML. 


50 


(6) 


(7) 


(8) 


(9) 
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or 
2 2 
M.L? +M.L 
4 etapa Wall ReeH Eee 
= ip eae 
4L Ly - (Egl; +L) +3 MEL yw 
i vant 2 
2K(M,L, + M,L,) 
ee ae ee 
+ (9g + g- (10) 
4M M,L L 


From (10) we can solve for Wy Wor Was and Wy Substituting ue 
(j= 1, ..., 4) into (8) wetcan obtain various relations between a, 


and B, (Galas Aone general solutions of (6) then are 


RRRS 4 ! 
e2 Ae tit and a= E Bie 
ja? fh 


A 
(III-4) Let us define three unit vectors: x, pointing downward to 
^ 


ees A i P 
the inclined plane, s tangential to the track of the particle, t 


iy 1 


directed along the string toward the hole (see figure). 


Fr 


BA track 


mg sin 0 


The condition of limiting equilibrium for the particle barely to move 


is 


ay 
T+mg sing x, + B= 0, (1) 


4 
where Fe is the friction force of the plane on the particle, which is 


m 
always opposite to the direction of motion, and T is the tension in 


the string. By definition: 
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> A 
F.= “LFS 


A 
f = -umg cos ĝ S4 


1 
= -mg sin ĝ Si 

since u = tan 9. Therefore we have for equation (1) 

tT + mg sing X, = mg sin 8 $.. (2) 

Squaring both sides of (2), we obtain 

T? + moe ne 8 + 2Tmg sin 6 ê . x) : EAs ae 8. 

After simplification we get 

T(T + 2mg sin 9 cos ô) = 0 (3) 


A A 
where cos 6 = ti "x. From (3) we find when the particle is above 


the hole, i.e, when 
UIE 
O50 55 and 0< cos ô< 1, T<0. 


Thus T is zero since we cannot take a negative value for the 


tension T, When the particle is below the hole, we find 


eebsr and -l<cosé <0 


and the tension T is positive: 
T = -2mg sin § cos ô> 0. 


The path of the particle is determined by the resultant force: 


Hjt 
" 


z A 
Ee ois, 


u 


mg sin 9 &, - 2 cos § i 


Some Sing fi, +2 cos 6 (sin 5 $, - cos 6 $) 
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A 
= mg sin 8 ((1 - 2 w 8)x, + 2 cos ô sind $p 


= rng sin 8 cos 26 C3 + tan 26 Jp (4) 


See the Figure below for ¥ direction. The path can be sketched as 
follows. 

From A to B, the tension is infinitesimally small (but 
positive) and the particle just slides down the inclined plane. For 


§> 7/2, from equation (4) we see the following relation must hold: 


dy _ tan (aes 2 sin 6 cos ô 
dx 2 ole 
cos 6 - sin 6 
ORLEA 
TR 2 (5) 
oe ve 
where 
x =r cos (7-5) =-rcos6 and y=r sin (7-6) = r sinô. 
Rearranging (5), we obtain 
2 2 p 
(x - y“)dy - 2xydx = 0 (6) 
which has the solution 
S 2 2 Mg 
c 

ct eee _&)2 . £ 7 
y y = © or Rey 3) 7 (7) 


where c is a constant determined by the condition that when x = 0, 
c=y =BP. Equation (7) therefore defines the path of the particle 
between B and P to be a half circle of radius c/2 and center at 


x=0, y ='e/2s 
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Hole 


mg sin 0 


54 


(IlI-5) Let a be the vertical force acting on the bar by the pivot. 


The vertical force on the pivot is TEF When the bar swings 
through the horizontal direction, its kinetic energy is 5e which 
equals the difference of the initial potential energy and the final 


potential energy of the bar, We have the relation 


= 


AUA ‘ ó 
59 = 3 M8 sin 30 
where I is the moment of inertia of the bar with respect to the 


pivot. For a uniform rod pivoted at one end, 


Bar 


Pivot 


Diagram of forces on the bar 


(1) 
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The equation of motion is 


Mg - P, =M = ME[§ cos 9 - 6)” sin 9] (2) 


When the rod is horizontal, the term [- 6? sing]=0. The torque 


equation with respect to the center of mass of the bar is 


p cose =I 


y 2 cm? à 
Using 
E 
CMe D207 
we obtain 
Py cos 0 = wey. (3) 


Eliminating § between (2) and (3), we get 
Mg - P_ = 3P 
y Y 


or 


- Mg i 
PY 71 (4) 
hy is acting vertically downward on the pivot. Pu can be found 
from the condition that Pa has to equal the centripetal force of the 


bar. Therefore at the instant that the bar is horizontal 


D 
M e2 
P = fiat 
ME E 
2 i 5 


Eliminating between (1) and (5), we get 


A vt 6 
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C aMeg 


PL 4 


The direction of -P_ is such that as tends to pull the pivot toward 
x 
left. 


(III-6) The incident energy of the moving proton at threshold is 


m 
1, AM (1) 
= +— + =). 
Te AM(1 : 2m, 


For the process 


pt+p+rptptptp 
we have 


AM = a and m, =m, = ane 


Therefore 


T = mmi = 5.62 Bev, 


For the derivation of (1), see pp. 397-400 Classical Electrodynamics 


by J. D. Jackson, or for a different approach see problem (XI-7) of 
Atomic Physics Section, 


(IV-1) 


a. The energy dissipated in the tide comes from the rotational 
energy of the earth, The maximum energy available equals the spin 
rotational energy of the earth which is iw’ 
moment of the inertia of the earth and w 
of the earth, 


» where I is the 


is the spin angular velocity 


b. The earth is divided into two parts by the plane perpendicular 


to the earth's orbit and passing through the center of the sun and the 


center of the earth, Since the earth is not a perfect Sphere, one part 


of it is slightly closer to the sun than the other, 


Therefore the sun 
exerts a 


greater force on it according to the inverse Square law. 
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Let hs and ze be the position vectors of the center of mass of the 


> + 
two parts of the earth with respect to the sun; Fi and Fy be the 


forces on the two parts of the earth by the sun respectively and Ee 
be the position vector of the first part of the earth with respect to the 
center of mass of the earth. Therefore we have 


rt+r. and r r r 
i SITERE 
1 0 2 0 


ay 
r. = 


The torque on the earth by the sun is approximately 
1 


4 4 > A, i T ees a 
x F) + Fy x Foo Fy * Lily 2) rx (Fy 2) 


=) 
r 


E 
Ea entree 


T ce 
=CtryxF (1) 


where we pais decomposed the torque into two parts: , a couple 

C= = r x E - F 2) with respect W the center of mass of the earth and 
a torque aes: by a force F ihopueh the center of mass of the 
earth with respect to the sun, The couple è slows down the spin 
angular velocity of the earth while the torque r x F increases the 
orbital angular momentum of the earth. As L hit increases, the 
radius of the earth's orbit increases too, as does the period of 
revolution in accordance with Kepler's law wr? SATIE | ae 
constant), From equatioff (1) we see that the total angular momentum 
is conserved, The decrease in spin” angular momentum results in ‘the 


increase of the same amount in the orbital angular momentum, 


-6 
hie ee 213 X LO $ second, 


n 


(IV-2) Mean life time 5 
(1 - (0. 8) 


(IV-3) Less. 


(IV-4) Less than. 


(IV-5) x=1,5 and y=1. 


(IV-6) Remained the same. 
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2 > 
(V-7) From the vector relationship between spin S, torque L, 


and precession vector a 

a // 8x, 

we find that a is pointing upward; therefore the top precesses 
counterclockwise, 

(IV-8) The reduced mass of the system is 


Baxi 3 ‘ 


The period is 


2T (3m) =T 3m 
"Vy (4k) k 


(IV-9) In static equilibrium 
—=0, (since F=- 2) 
dr 


Thus 


ORT EEO 


which leads to 
2a 

b ; 
(IV-10) 


t= 


a.e» or+e, i.e., antisymmetric motions, 


b.ee or+-+, i.e., symmetric motions, 
(V-11) 


GM 
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Therefore we have 2% increase in g for 1% decrease in radius of the 


earth. 


(IV-12) Let P be the point where the can is in contact with the 


inclined plane at time t. The torque equation with respect to P ig 


$ 24 & 
I1 = Mk 6 = MgR sin §@ or 78 = gR sin 9 


where I is the moment of inertia with respect to P and ng is the 


square of the radius of gyration. We have 


for a solid can. Since 


we have 

wos 

8 84: 

The solid can reaches the bottom first, 
(V-13) 


TE 
rate (lower hole) _ P BNS 
rate (upper hole) JP 


where Pu) refers to the water pressure at lower (upper) hole. 
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(IV-14) 


After 2 seconds: 


After 5 seconds: 


(IV-15) The Coriolis force 


2? + 4 
F = -2mw x v 


a. It applies to a particle with mass m observed in a rotating 
coordinate system where D is the angular velocity of the rotating 
coordinate system with respect to an inertial system and v is the 
velocity of that particle measured in the rotating system, 

b. The Coriolis force is in the west direction, Therefore the 


water level on the west bank is higher. 


A 
H 
West -«—— — East 
5 =) =$ R 
Since |w x v| =wv sin) we get, 
2wv sin 
tan 8 = sr a (1) 


H = difference in height = W tan 9 


_ 2Wwy sin À 
Sher age et (2) 


él 


Solution Set of Mechanics 


where v is the velocity of the water, 
à is the latitude, 
w is the earth angular velocity, 
W is the width of the river, 


and g is the gravitational acceleration at earth's surface, 


= 5 mi/hr = 2.2 x 10? cm/sec 


d. v 
à = 30° or sin) = 1/2 
w= = FOISE TON radians/sec (where T = 86, 400 sec) 


W = 2 miles ~ 3.2 x 10° cm/sec 
3 
g~ 10 cm/sec. 


Therefore (2) becomes 


sin À 
H = 2Wwv—— 
WV g 
K 2,1 £3 
= 2(3.2 x 10°7.3 x 10 (2.2 x 10°)E)(10 ») 
~ 3.2% 7.3% 2.2x 107} ~ 5 em. 
(IV-16) 
Disc 


As shown in the diagram, unit vector S points in the direction 
of the axis of the disc; Di lies in the plane of the diagram and is 
perpendicular to A and GN is perpendicular to the plane of the 
diagram. The angular velocity can be decomposed into two 


A A, 
components along n and n 


Cu 


+ A A 
w =w cos ô n+w sinô n', 
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The angular momentum of the disc is 

+ A A 

M = Cw cos ô n + Aw sinô n' (2) 


. > . 
The torque equation in the rotating system with angular velocity w is 


+ + 
dM. =D dM, 
Torque = Cr, =w x M+ Van (3) 


where Do refers to the lab. system and a refers to the rotating 
system, The second term on the right side of (3) is zero since in this 


rotating frame, the disc is at rest, Therefore 
A 2 $ VANY A 2 t 
Torque = n, (Aw cos ô sinô - Cw’ sin ô cos 5) = n (A-Cw cos6 sinô 


^ A 
n =n 


Ai 
La WS 
1 x 


A 
where ni is the unit vector defined by 


(V-1) 
a, Let x be the displacement of the block from the equilibrium 


position, From the equation of motion 
Ma (k, + ki jx = 0 (1) 


we get the frequency of vibration 


i | (ky +k) 
SE VERRE MENIT, 2 


b. The new frequency of vibration with total mass equal to 
M+tm is 


j (k, +k) 
oy Mra e 


c. Let v be the instantaneous velocity of the block when it is 


passing through its equilibrium position, According to the law of 


conservation of energy we have the relation: 
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1 255 

- == $ 

3 My; afk k,)A (4) 
where A is the amplitude of vibration. According to the 


conservation of momentum, we get 


Mv; =(M+ m)V s (v; = velocity of the block after the mass m- (5) 
is dropped on it.) 


The conversion of kinetic energy into potential energy leads to 

1 RAE 2 

et + = BY 

5(M m)ve a", k,)B (6) 


Using (4), (5), and (6) to eliminate v, and v,. we obtain the relation 
A 


i f 
between the new amplitude B and A: 


a M 
Be V+ m) * 


(V-2) 


„Let N be the normal force between the wedge and the mass 


m. For the mass m, the equation of motion in the y direction is 
mg - N cos B = my, (1) 
The equation of motion in the x direction is 


N sin B = mx. (2) 


The equation of motion for the wedge in the x direction is. 
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-N sin 8 = MX (3) 


The equation defining the constraint that the mass m stays on the 


wedge is 


Loy nana (4) 
Ğ - X) 


From (2) and (3) we have 


AER (5) 
m 


Eliminating N between (1) and (2) and using (5), we obtain 
my = mg + M cot BX (6) 
Eliminating x between (4) and (5), we obtain 


K = -# cot ees pats (7) 


Eliminating y from (6) and (7), we obtain the acceleration of the 
wedge along the table: 


A -mg cot B 
x= 7 
(M+m)+M cot B 


(V-3) The tension in the string is less than it would be if the 5 kg 
block were glued down. 


Mire + + 
(V-4) The Coriolis force -2w x v is in the forward tangential 


direction. Therefore it is in the direction of rotation, 


(V-5) Since the angular momentum has to be conserved, we have 


J = 16 = constant. (1) 


Since I is proportional to RS (1) becomes 


R = constant 
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Therefore, a one percent decrease in R results in a two percent 


increase in §, The rotational energy is 
Los 
Rok. = 5 18 


which is proportional to ò. Therefore the rotational energy 


increases two percent, 


(V-6) Let 9 be the angle between the rod and the vertical line. 


The equation of motion is 

x ; É 8 

16 = -(Mg sin o5 - KL sin 8 
For small 9, 

sing~8 

so 


1 $ 
GMEL + KL)a + 16 = 0 


or 
Mg ML; 
G + K)O ria Guat 


where I = ML” is the moment of inertia of the rod about one end, 


We obtain 


(3(Mg + 2K)) 
IML 


or the period 


AGS bet h QML) 
w (3(2K + Mg)) 
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(V-7) 


M M M M 
kass 
K K 
IV 
AMi wi 
(a) Symmetric case (b) Antisymmetric case 


The equations of motion for small angle motion are 


2 
Meo t+ ME g =o ana Mge È + 2KL9 + 


2 
ML’. | 
38 = 0, 


with corresponding frequencies 


w= 28 andy - [Gg + 4K) 


2L 2ML 


(V-8) 3x 10°. 


(V-9) 
(c) Get there together, 
(V-10) 
(b) The displacement of the spring, 


water P cork 
decreases, d decreases, 


d= (p ) x Volume x g When g 


effective’ effective 
(V-11) Since the Square of the period is proportional to the cybe of 
the radius, the period of the second satellite is 1.5% larger, 


(V-12). 


îR 
an AT StS yis 0; therefore — - E 
a2R 
b. For two drops of the Same mass, the terminal velocity is 
Proportional to the inverse of the drag force, 


Therefore we get the 
ratio 
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PRUTAR S 
Yor R 
(V-13) 
a. Both forces satisfy the condition that 
oF, oF 
2 ee cic 
oy dX 


Therefore for both forces a potential function can be defined, 


Vi = -2xyz + 6 Be + constant 


and 


Ws: -y i m + ee made ye" + n + 2xyz) + constant. 


b. Both forces conserve the total energy. 


(V-14) The equation of motion in the x direction is 


mx = umg 
or 
X = ug. (1) 


The torque equation with respect to the center of the ball is 
16 = -umgr (2) 
where I is the moment of inertia and 


2 
I gue 


Integrating (1) and (2) we obtain 
x = ugt (3) 


and 


6 ae (4) 
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The condition that at t = t the ball begins to roll without slipping is 


See (5) 


Using (3), (4), and (5), we obtain 
aaie 
r(y - grug ea ugt 


1 


‘or 


a. Using (6) and (3) we obtain the final linear velocity of the 


center of mass: 


oe 
17h (7) 


b. The distance the sphere travels before achieving this velocity 


is 
Wik oye ek 2rw,2 
S= quet, = guEG) 
x Sethi 
4912 


b. Since there is no external torque, the angular momentum 


with respect to the instantaneous axis must be conserved. Therefore 
f (8) 


where I is the sphere's moment of inertia with respect to the 
instantaneous axis. 
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Therefore 


Ww 


_ 2 
P Ta 
The linear velocity Vp = PWe = 2 nw which is the same as that in (7). 


(V-15) 


a. The angular momentum is 


F2tw i tien fk 
J= LWT tod ae 
A A 
= 1,0 sing i+ Iw cos 9 k, (1) 


DEEE., A 
where w= ie + he + ae and k is the symmetry axis. I, > I}. 
1 2 3 Le 
b. The precession frequency is 


w cos 8 a, - 1,) 


(2) 
1 


which is an immediate result of Euler's dynamical equations. 


(V-16) 


a. The effective potential is 


I 
eff qt Vir). 
2mr 
For 
Z 
kr 
Nip) ee 
(r) rae 


the effective potential is shown in the figure. 


b. The condition for circular motion is that the total energy E 


is equal to the minimum value of Uste The equation 
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r=R 


enables us to find R, the orbit radius, 


du 2 
aes mR Ho 
or 
Wein K 
ber 
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(VI-1) 


eres 


a. It is straightforward to calculate ki and i 


-Ine 7 ma? 
T= gm) = 7g ma o 
haara AS 
eS ae cee 2 
y zme) zma (2) 


For a thin plate, I_ isthe sumof I and I. 
z x y 
5 2 
gh yy TE (3) 
NN A $ 
b. Let i, j, and k be the unit vectors along the x, y, and 
z axes, respectively, The angular momentum with the angular 


velocity w not along any of the principal axes but in the x-y plane is 
> A 
Lelwi+iwd 
x X y y 
A A 
=Iwcos6i+I1w sin6 j 
De 7 
1 2 A A 
Jp maw cos ô i + Ema sin ô j, (4) 


where we have used (1) and (2) for La and n Note that ô is the 


A 
angle between w and i, 
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c. The torque on the axis of rotation is 


+ dL (5) 


uN 
d F ARIER a 
where Sy means the time derivative of the vector L performed 


in the inertial system, A general relation is 


> + 
d d 
G-Grad xd. (6) 
o 


The first term on the right side of (6) is zero in the rotation system; 


therefore the torque is 


Ñ-oxÈ 


1 ANANA 1 PPR A“ 
Gma w sinô cos ô -73ra w sin ô cos 5)k 


1 242 A 
=qma w sinô cos& k. 


(VI-2) A rocket travels in a circular orbit of radius r_, The 
o 


centrifugal force must equal the inverse-square attractive force 


Therefore the angular momentum 


= 2 =< ~ 
Jy = mir =A mkr (2) 


Eight percent increase in the speed results in eight percent increase 


in the angular momentum too. Therefore J = 1,08J The 
o 


` differential equation for the path of the rocket is 


Ling km 
D een (3) 
J 


dg 
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where 
u= 


The solution of equation (3) is 


EE 1 (4) 
ë SE + A cos (8) 


J 


where A is a constant. Using the initial condition 


2 
Jo 
Pen ETR for 8 = 0, 
we obtain 
oie 
a k 1 pF 
actore d (5) 
fe) J o o 
Therefore 
Fo 
oS E 6 
r = 9,86 + 0.14 cos 9 te 
Energy of the system 
v= 1.08 vo 
lew ((W2/2mr) = k/rl 
$ 
New orbit 


Therefore the maximum distance is 1.40r 
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Alternative solution: 
Let V and R be the velocity and the distance of the rocket when it 
is at the maximum height. Since angular momentum and energy are 


conserved, we have 


myvr_=mVR (7) 
o 

and 

1 AR E FARNA (8) 

zo - T = z MV R' 


R = — r. (9) 


From (1) we find 


im? =. (10) 
g O 


From (9) and (10) we find 
Ræ 1.4r. 
(VI-3) 


Let by b, be the original lengths of springs 1 and 2 when the 


whole system is at equilibrium and thè disc is not rotating. If 9 is 
the angle the disc has turned away from the equilibrium position, 
then spring 1 is stretched by a distance x= aĝ. If spring 2 is 
stretched by a distance Xoo the weight is lowered by a distance 


X, = $6 + Xg. The kinetic energy of the system is: 


Kinetic energy of the disc = 516 


ó (1) 
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F Te 

ee 

(by + xy) = 

; = 
mp-—— 


: 1 2 
Kinetic energy of the weight = 5 ™MX3 


=< 
i 
tole 
Po 
w 
w 
D 
[$] 
+ 
| 
ya 
x 


Begs. 
7 mg(o + xg) 


Therefore the Lagrangian function is 


LST y 


ee +2 Ki D2 a. 
+ a9x, (+ Xg) - z3 ao + x3) t mals 3 


75 


(4) 
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The Lagrange's equations are 


d aL aL d aL ob 
EM cin e See re ergs)! (5) 
dt at, | 8x, dt 5a, a0 


Substituting (4) into (5), we can immediately get two equations of 


motion. 


(vI-4) Let x be the displacement of the mass from its equilibrium 
position at time t; the spring is stretched by a distance 


x =X, exp (iw ot). The equation of motion is 
$+ bx + = i 
mx + bx + kx kx, exp twt) 


which has a particular solution (steady-state term) of the form 


kx 
o 


x= cos (w_t - 6) 
o 


hac Dey pee) 
fe} (6) 


where 


The amplitude of the resulting motion after a long time is 


kx 
FAAR a. 
ee) 2 
(ie n N bw), 
io} o 


(VI-5) 
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a. The kinetic energy of the cylinder can be decomposed into 


77 


two parts, one involving the translation of the center of mass, and the 


other involving rotation about the center of wass. Let 6 be the. 


angular velocity of the cylinder. The kinetic energy T can be 


written: 
m a2. M 222 
=— pag = 
T= 3 (e) 7 (R - a) 6 
where 
oe 2 
1, = je 


for a solid cylinder. The constraint of rolling without sliding is 


ag = (R - a)S. Hence (1) becomes 


T FR - aea PENR - D 
2 
3 202 
= qm(R -a) ô 


The potential energy is 

V = -(R - a)mg cos ò 
(V=0 for 6 = 90°) 

The Lagrangian function is 


ee Peay - aR - a)°? + mg(R - a) cos ô. 


b. Substituting (4) into Lagrange's equation we obtain the 


equation c" motion 
3 S 
zR- ald +g sinô = 0. 


c. For small § we have sinô Xa, and (5)becomes 


5+ E 


Ee E 
IR- N 


(1) 


(2) 


(3) 


(4) 


(5) 
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from which we get 


Ry Mi Coren 
MO ANS (Rira ar 


(VI-6) 

a. To determine for which values of x the series converges, 
we make use of the ratio test which states that, if the absolute value 
of the ratio of the nth term to the (n- 1)th term in any infinite 


series approaches a limit A< 1, the series converges. We have 
n- 
“a Ash x(n - 1) i 


aal n 


_ nx(n - ee Aae Ta -(1 N 
TER goat F n? n n 


R= 


X 
+— as now, 
e 


(1) 


Therefore the power series converges absolutely for |x| <e. For 
x = -e we find the signs of successive terms alternate and the 


successive terms always decrease in magnitude and the nth term 


approaches zero. Therefore the power series converges at x = -e. 


For x =e, by using Stirling asymptotic expansion: 


1 -= 
n! pt2 


ARTUS 1 1 
a ee). a [1 + Ta. 05). 


We have from (1) 


RETA 
Rech tae OE 


Therefore the series diverges at x = e according to Raabe's test. 


b. The integral 


le ve cos mxdx 


(x Fe) ta 
© imx 
= Rew SO 
ae p] 
Gant eka 
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Lage p caine 


(z+c) +a 


poz sim iy) 


where the integration is carried out in the upper (lower) half plane if 


m is greater than (less than) 0. Therefore for m> 0, 


I = Re (27i Res (z = -c + ia)) 
im(-c + ia) 


ae 
= Re (2mi EET 


T 
= exp (-am) cos cm, 


and for m< 0, 


I = Re (mi Res (z = -c - ia)) 


im(-c - ia) 


= Re (ani = = ) = Z exp (-a|/m|) cos cm. 


2ia 
(VI-7) 


Ellipical orbit 


Earth R; Na 


Precession of orbit \ 


From Kepler's first law, we know the earth must be at one 
focus of the ellipse. 

The atmospheric drag must occur when the satellite is close to 
the earth, Let -AP be the loss of linear momentum of the satellite 
during each revolution due to the atmospheric drag, The angular 


momentum loss is then 


AJ = -AP Ri (1) 
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where Ri is the special distance from the earth to the pericenter. 


The eccentricity e is related to the angular momentum by 


2 2 
e nan (2) 


mk mk 


where E is the total energy of the system and k is a constant 


defined by potential V = - mk/r. For an elliptical orbit, E is 


negative and 0< e< 1. Differentiating (2), we get 


Ae J7AE + 2EJAT 
i A (3) 
emk 


where AE is the energy loss per revolution, Using the relations 


2 

—L, =2(6 - viR,)) and AE = Sop = 
mR x ey mia 

1 1 
we get 
de _ (2E - V(R,))2IAS pe 
4 emke 
For an elliptical orbit, we have 
2E - V(R,) = mk - =)>0 

1 H A (5) 

From (4) and (5) it follows 
Ae 
<0, (6) 


since AJ is negative. From (6), we see the eccentricity is 
decreasing, The satellite is getting closer to the earth after each 
revolution, The orbit becomes more and more like a circle, 

The major semiaxis, a, is proportional to 1/W, where W 
is the binding energy, W = -E. Since the satellite is losing energy, 


W is increasing. Therefore a is decreasing. The period, T, is 
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also decreasing since, according to the third law of planetary 
motion, the square of the period is proportional to the cube of the 
major semiaxis. 

Since the rocket is losing energy due to the atmospheric drag 
when it is close to the earth, it spends more time in getting out of 
the atmosphere than falling into it. The angle corresponding to the 
closest approach is increasing for each revolution, Therefore the 
direction of the precession is in the same direction of the motion as 
shown in the figure, The distance of the closest approach Ry as 


obtained from conservation of angular momentum and energy is 


ak oka 
mys ane ImE) 

eats 232E 1/2 
Ea 
mk 


~ 2mk 


where we have used 


since E is negative, Hence RI decreases as J decreases. 


(VI-8) The pipes are horizontal; therefore, there is no potential 


2 
change, The kinetic energy per unit volume is 50% at point C 
ee 
and = 
n 3 p Vp 
found based on the law of conservation of material: 


at point B. vB is given to be 20 cm/sec. Ye can be 


Area (B) 


v= Srle atine Bhe: 
C7 YB Area (C) 


= 120 cm/sec. 
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The pressure difference between C and B follows from the 


3 
conservation of energy for 1 cm of water 


P paataan 
RET ARORO A 


= 7000 alee fem 


which should equal the pressure difference due to the difference of 


water levels at C and B. 


gh-P,-P 


B E 


hence h~ 7 cm, 


(VI-9) 
Z 
3m 
y 
P a 
m a 2m 


Since the three point masses are in a plane, the axis 
perpendicular to this plane is a principal axis at P, Let us call 


this the z-axis, 


a? af a 
= 3m— + a 
l m 7 2m 5 +m 7 
= smaa a) 


It is easy to see the hypotenuse must be a principal axis since there is 


only one point mass not on this axis. Hence 


N 


hi DENA 2 
Le = 2m =ma (2) 
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Using the relation 


we find L to be sman! 


(VI-10) 


a. The density of helium is about 1 
Since the balloon is surrounded by air, one 
problem is to imagine that the palloon is of density 
neglect the effect due to the presence of the air. 


effective gravitational acceleration is 


centrifugal acceleration is 


2 


ERAR 
R 2x 5280 


Therefore we get 


or 


= ~ = 
9 = tan`" 0.0228 ~ 0.023 radians = 1. 32°. 
b, In the opposite direction of the radius vector, 


(VI-11) Let T be the tension of the rope. 


the relation 


2T = W or T= 75 lbs. 


(VII-1) The Fourier series expansion of any function f(t) 


A 


f(t) = > +2 AL cos (ntw) + 
n=1 


g and the effective 


6a 
-— wher 
Fs ae 


88 -2 2 
PERRA E o a 


D B_ sin (ntw) 
n 
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|T of the density of the air. 


simple way to solve the 


At equilibrium we have 


(1) 
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a. First we notice that the function f(t) is an even function of 
t; therefore all Bu must vanish, Furthermore, the signal is 


periodic, with period Ty: so we have the condition that 
f(t + zy) = A(t); (2) 
Using (1) and (2), we obtain 


w>w,==>. (3) 


Equation (1) becomes 


A 
cu a (4) 


œ 
f(t) = 2 A, cos 
n=1 1 


It is easy to see that the sum of many Fourier components with 
approximately equal amplitudes vanishes except in the region where 
most of them are in phase. In order to produce the given wave 
pattern, most of the Fourier components must be in phase when the 


wave is at its peak value, i.e., 


cos (nwt) wl 


when 


mT, Sts (mT tat) mal, 2,3, .., 
which leads to the condition 


niae or mee Si, 
1 wit 


Therefore we conclude that 


A ~ const for A Le 
n w At 
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not significantly disturb the wave pattern, Tiens 
ae 
Ao» 0 for n2 Se 
n w, At 
1 
Therefore we get the following pattern: 


An 


Alw) fora single clapping (case b) 


nw, ~ 1/At nw > 1/At 


w = nw, <<1/At 


b. Let T3 be the time interval over which we observe the 
single clapping. ae can be arbitrarily large but still finite. If we 
tet Ty the time interval between two successive clappings ina., 
be greater than To we can apply the conclusion we reached in a. to 
the present problem. However wy defined in (3) becomes very 
small in this case when T3 becomes arbitrarily large. It follows 
that the spectrum for a single clapping is continuous. 

The same conclusion is reached if we started with a Fourier 


transform, i,e., if we define 


æ 


T iwt 
f(t) = 
) F -- e A(w)dw 
with 
o i sat beh ES 
1 iw! i iw't 
Alw) ==. ==. 2 
le f(tje dt Wir -at/2° 


We get a continuous spectrum as shown in the figure. 
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(VII-2) 


a. S is unitary, therefore 


s's=1. 


Using the given expression 
Se 1 = 2iT 


we obtain 


(1 + 2iT')( - 2iT) =1 
or 


1- 2T- TRAT TEL, 


For |T; << 1, we can neglect the TT term, Equation (2) 
becomes 


ie., T is Hermitian, 
b. From equation (2) we have 


i(t-T')= arto, 


For the elastic case, i.e., a+ a, we have for (3) 


ik alTla>-<alT’ a>) =D 2<alt*In><nltla> 
n 


where 


Z |n><n] =1, 
n 


‘and |n> is a complete set of intermediate states. Since 
sth at 
aa aa 


(1) 


(2) 
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the above equation becomes 
a t 
i(< a|Tla> - «alTla>) )=D2< a|T' |n><n|Tla>. 
n 


Using the relation 

(T. - Toha pua 
1J 1J 1J 

we obtain the result 


Im K al[Tla>) =-U< ees 
n 


(VII-3) 
ma 


ee CM; 


h/2 R mg 


PISE = a S] 


If the resultant force R poitts to the edge of the crate, the 
corresponding h will be the maximum height before the crate turns 


over, Therefore we have for the torque equation 
1 jal 
mgL = ma Sh) or 9.8(0.5) = 6G) 


thus 


h= 1.6 meters, 


(VIL-4) 
a. Since the box and the cushion are in a state of equilibrium, 


the vertical component of the forces must vanish. Therefore 
mg + kx = 0 


where x = -6 cm is given. Therefore 
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pasts 1 
Kis eos (1) 


The natural period of vibration is 


T = 27 = = 2m [Ên 5 sec. 


b. The equation of motion when the floor is vibrating at 
iw t 
Ae Pie 
it 
mx + kx = Ake 


(2) 


where we have taken the new equilibrium position as x = U, Using 
(1), we rewrite (2) as 

iw t 
E (3) 


t+ Ex 


from which we obtain the steady-state solution 


(LaLa Aig 
g 


Therefore the ratio of the amplitudes is 


zp ™~0.01 for ws = 40r/sec, 
6w 
qe 
g 
(VII-5) 


a. The vertical motion of the anchor will result in the Coriolis 
force 


F = -2mw x v 
acting on the boat, 
b. The boat will move westward, 


c. Let v be the speed of raising the anchor, Then the 
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acceleration of the boat is 


a = mwy 
m+M 


where m is the mass of the anchor and M is the mass of the boat. 
Integrating over the time interval T = length of the mast/v, 
2mw if a 2mw 


mt+M o0 sats rsa 


T 
V= Si adt = 
where S is the height of the mast. Therefore 


2 x 200 x (7.29 x 107°) x 20 


‘ia 1200 
nuon fore 
eC: 
(Note: w -2 Ropes S Sion 107? rad N 
0.864 x 10 


Alternative solution to (VII -5) 
(c) Since angular momentum of the boat and the anchor with respect 
to the center wf mass of the earth in an inertial frame is conserved, 


we have 


(M + ae = Mr? +m(r+ s)2 yu! 


or 


eae 2msw 
(M+m)r° 


The relative velocity with respect to the water is 


2mw 


V= ro! - w) = - 2m 
m 


S (westward). 


(d) The boat actually loses kinetic energy due to work done onto the 


centripetal force. 
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(VII-6) 
a. Let Ro be the natural length of the spring. From the given 


equilibrium condition we have the following relation: 
L 
KG = R =m;g 


Therefore 


i : 
Raae (1) 


The elastic potential energy of the spring stretched to the length R is 


m,g 
k Dek L TF2 
RTS e e ip et 
3 (R R3) 7 (R sear is 
The gravitational potential energy of the rod and the ring is 
-m.g R cos 8 - m D cos 8 
1 257 z 


(Note: The gravitational potential energy is taken to be zero when 
9 = 90°.) 


The kinetic energy is the sum of rotational energy and translational 


energy, 


t= DV 
m 
1 2-2 5 eb 2.2 L 
=L 6 t-z (R +R 9) + (m,gR + m,g5) cos 6 
mg 2 
k L 1 
= ae A (2) 
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b. Substituting (2) into Lagrange's equations 


AL L 
dt aå 9 
and 

aG naL i 
dt 3R aR 


we obtain the equations of motion, 


2 S it K 
mR +37m,L yo + (m gR F mgp sing = 0 (3) 
and 
«2 1 
mR +k- mó )R +m g(1 - cos 8) - 5kL = 0 (4) 


c. For 9 <<1 and (R - 5 << L (3) and (4) become 


Zala Ery (5) 
(m, R +gm,L o + (m gR + m87) = 0 
and 
se g $i & (6) 
m,R+k(R a ae 


where we have used cos @#1 and §=0. From (6) we immediately 


get the frequency of one of the normal modes 


w= /k 
Ta 


VTT-1) A function that is real and analytic can be expanded into a 
Power series 


i= D a x” 
n=o. ” 


but \ 
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n i 
x40 saxo a if n> 0. 


Thus, if f(x) is analytic, as x7, all a (n> 0) must vanish. 


Therefore 


f(x) = ay is a constant. 


(VIlI-2) The rotation matrix R is 
cos§ sin6 0 1 


R= = 3 
-sin @ cos § 9 =90° -1 0 


The vector V in the new coordinate system is 


vi = RV = 


The tensor in the new coordinate system is 


a -a 
E RR eae 


ahd : 
(VII-3) If r is not zero, the left side of the differential equation 


2 + 
vy f-af= -475(r) can be written explicitly in spherical coordinates 
(r, 6, 9). We have 


2 
ene 
v t-a t EÈ ENEL- at 
T 


w 


where L is an operator « epending on 
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for 

ee 
f= 

r 
We have 
-ar 
2 ae 

vt- atsa e T - a S— -0 (1) 


where we have assumed that r $ 0. 

For r+ 0, we calculate the integral I = i G t - ataV which 
integrates over a sphere of radius a with center at r = 0. By 
straightforward calculation and using the divergence theorem, we 


have 


t=/ of. 48 ~votl fave ane ae ee tire” de 


In the limit a> 0, 
I= -47 (2) 
Combining (1) and (2), we have 


2 
ee ont = -476(r), (Refer to (II-1) of” & M for details. ) ` 


{VIII-4) The position (x, y) of the poin, mass in terms of L, h(t), 


and\g is 
x=L sing 
y = h(t) +-L cos 6 = hy cos wt + L cos @. (1) 


Differentiating (1) with respect to t we get 


x =L cos 9 


A ~ Wh, sin wt + ÒL sin @) (2) 
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The kinetic energy is 


T= ima? EYA 
= jmi r? cos” a + Sa ain” 9 + wh? gin’ wt+ 2wh ÎL sin 9 sin wt) 
02 2 : 
= ime ’L t wh? ain? wt + 2wh 8L sin 9 sin wt). (3) 


The potential energy is 


V = mgy 
= mg(h cos wt + L cos 8). (4) 


The Lagrangian is 


L=T-V-= Be? + wh? E 2wh ÔL sin 6 sin wt 


- 2gh5 cos wt + L cos 8)), (5) 


Substituting (5) into the Lagrange's equation 


we get the equation of motion 


Lg + wh L sin § cos wt + wh Lô cos 6 sin wt 
A wh Lô cos § sin wt - gL sing = 0 
or i 
Lö twh, sin 0 cos wt - g sing = 0, 
In the case of small oscillation, we redefine 6'=60-7; thus 
sin 8 = -sin 6' = -9', 


We have then 


L§' + (g - wh, cos wt)6! =-0, 
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If the hinge is fixed, i.e., h, = 0, this is the equation of motion for 


a simple pendulum, 


(VIII- 5) 
a. No, they are not the same because of the presence of the 
following effects: 
i, Coriolis acceleration: -20 x vs 
ii. Gravitational force decreases as distance increases. 


iii, Centripetal acceleration: 


2 


vic A 
EAGT 
P 


1 
iv, Friction forces between the air and the pendulum, 


v. Relativistic effect: 


vi, Acceleration at taking-off and landing. 
vii. Acceleration due to the orbital movement of the earth, 
ete. 

b. Let us use the inertial system with the origin of the 
coordinates sitting at the center of the earth as the reference system. 
The Coriolis force (2mu X v) vanishes in this system, The 
effective acceleration of gravity z at the earth's surface for an 


Object with angular velocity w is 


? GM 4 2 
Bi. a -w x Ww xR) 
R 
WEN 
=(- SM +w R)R = gR (1) 
R 
ive, 
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where g = GM/R?. The period of a simple pendulum is moyn to be 


where L is the constant length of the pendulum. The jet W flies 
westward, The angular velocity of the plane W observed in the 


inertial system is zero, Therefore 
aa ea E, MeRi 1/2 
Ty = 27 == 27 re ae eS Sid | comarca asl OY ee (2) 
Bo g+w R g w R E 
1+ Pe ' 


m : A 
where Ta = 2T a is the period of the clock sitting at the airport. 
The jet E flies eastward. The angular velocity of the jet is 2w, 


where w is the angular velocity of the earth. Therefore 


Tp = 27 —+— = 2 — = rj AONE SERN 5 
Vig, - 40°R) = Vg - bw R AY) eR 
g 
2 |-1/2 
ad -3w R 
man 2 (3) 


: 2 
Using w R << g, the periods of the two pendulums can be 
approximated by 


2 
tT, T T 3w R sip 3AT 
ENR o 2 
o 
and 
1 ne AT 
TT. = T -=T Sp fey 
WwW 2 
o a LUR o p 
o 
Taking 
m 
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R= 6x 10°m 
T_= 24hrs 
o 


and 


2T 


A i 
o 


we obtain 
are x 6x 10° 


9.8 x 3600 x 24 
280 sec, 


AT = 


Since Th is larger, the clock E goes slower while the clock W 
goes faster, When the two jets arrive at the airport, clock E is 
slower by 420 seconds while clock W is faster by 140 seconds, 
Both are compared with the clock at the airport. 
(VIII-6) 

a. Since the sun is a sphere, the force is simply 
f= -GmM 


ee (1) 
r 


b. According to general relativity, the gravitational potential is 


of the form 


-~ pout A mh (2) 
p r? 


where A can only dependon c, G, and M. 
Let D(A) stand for the dimension of A. From (2) we find the 


following relation, 
D(A) = D(GMr). Be 
Using the relation 


G: 
D— zM) = Dime? ) = D(energy) 
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we obtain 


c. The ratio of the second term to the first term in (2) is 


GM TeX 102° -8 
i T3 masg 
re ToX LO Xx O10 


which is very small for the earth. Mercury is the only one which 


shows a large effect, 
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(1-1) 


(I-2) 


with an angular frequency w% 10'° rad/sec and amplitudes A = 10° 


em, 


(I-3) 


ELECTRICITY AND MAGNETISM 


(20 points) 

(a) What is the ratio of the skin depth in copper at 1Kc/sec to 
that at 100 Mc/sec? 

(b) What is the electric field associated with a laser beam 
having an energy density 10° joules/ ome ? 

(c) What is the relation between R, L, and C for critical 


damping in a series LRC circuit? 


(20 points) Suppose an electron is oscillating in a SHO potential 
8 


(a) Calculate the amount of energy radiated per cycle. 

(b) What is ratio of the radiated energy per cycle to the 
mechanical average energy ? 

(c) How long will it take the system to radiate away half of its 


energy ? 


(20 points) 
(a) What is the interaction energy between two parallel dipoles, 


99 
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separated by a distance d? Assume that the vector joining 
them is perpendicular to the direction of the dipole moments. 
(b) Two conducting spheres, each of radius R, are placed at 
a distance d from each other. There is a uniform electric 
field, Ë, perpendicular to the line joining them. Assuming 


R<< d find the force between the spheres, 


(1-4) (20 points) Consider a cyliñder of radius a and length L 
filled uniformly with a completely ionized gas of charge density p 
which is moving parallel to the axis cf the cylinder with a velocity v. 
(a) Find the magnetic field at : distance r from the axis. 
(Neglect end effects. ) 
(b) Suppose a parallel beam of energetic protons of mass m, 
velocity V' are shot into this cylinder with their initial 
velocity parallel to the axis. This system can be used to 
focus the protons to a point on the axis, Assuming that L is 
much smaller than the focal length, and neglecting electrostatic 
and relativistic effects, calculate the focal length, (Focal 


length = distance from the end of the cylinder to the focus, ) 


(1-5) (20 points) Starting from the fact that (A , we AD iV) isa 
x 

4-vector, calculate the field of a point charge in uniform motion by 

making a Lorentz transformation from the rest frame of the charge 


to the laboratory, 


(It-1) (15 points) Prove that ae a = -4r œ). 

i 
(1-2) (15 points) Four positive and four negative charges are 
alternated at eight corners of a cube such that the three charges 
adjacent to each charge are opposite in sign to that charge. What is 
the radial dependence of the magnitude of the resulting electrostatic 


field at large distances ? 


(II-3) (15 points) Two electric dipoles lying on the x-axis and 
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oriented along the z-axis oscillate exactly out of phase. Their x- 


coordinates are separated by \/2. Calculate the Poynting vector at 


large distances. 


(1-4) (15 points) Two identical and coaxial superconducting loops 
each of self-inductance L are far apart, Each has a current I 
flowing in the same direction, They are then superposed. What is 
the final current I! 2 in each loop? What are the initial and final 
energies of the system? Account for any energy changes. 

(II-5) (15 points) In the following circuit, patented by Steinmetz, the 
applied voltage is at a frequency of w = 1 VLC. Determine the 
amplitude and phase of the current through the resistor in terms of $ 


the voltage and the circuit parameters, 


(1-6) (15 points) A plane electromagnetic wave is incident normally 
on a conductor whose dielectric constant and permeability are that of ' 
free space, The frequency and conductivity are such that, within the 


conductor, the conduction current and displacement current are equal 


-A 


S7 
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in magnitude, What is the reflection coefficient, i.e., the ratio of 


reflected energy to incident energy? 


{II-7) (10 points) An uncharged conducting sphere is placed in a 
uniform electric field. What is the angular and radial dependence of 
the perturbation produced by the sphere upon the uniform field at all 


points outside the sphere? 


(1iI+1) (20 points) A classical electron moves in a circular orbit 
around a proton, Derive a differential equation for the electron 
energy, taking into account the classical radiation loss. On this 
‘basis calculate the approximate time it takes for a weakly bound 


{almost free) electron to fall-into the first Bohr orbit. 


({IlI-2) (20 points) What charge distribution gives the spherically 


symmetric potential V(r) = eT ip? 


GII-3) (10 points) A plane EM wave with an electric field E = 10° 
(cgs units) is incident normally on a plane dielectric medium, with 
dielectric constant ¢ = 1,44. Calculate the pressure exerted by the 


radiation on the dielectric, (Assume the index of refraction n=Ne.) 


(III-4) (20 points) A capacitor is made of two concentric cylinders of 


radius xa and ry (r, <r) and length L >> Pos The region 


between ri and rF N irs is filled with a circular cylinder of 


length L and dielectric constant K (the remaining volume is an air 
gap). 
(a) What is the capacitance? 


(b) What are the values of E, P, and D ata radius r inthe 


dielectric (r, <r ro)? In the air gap (r, LR ro)? 
Assume a potential difference V between ri and P- 
(c) How much mechanical work must be done to remove the 
dielectric cylinder while maintaining this constant potential 


difference between ri and ra? 
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(HI-5) (10 points) A coil of N turns is wrapped around an iron ring 
of radius d and cross section A (d>> A). Assuming a constant 
permeability u >> 1 for the iron: 

(a) What is the magnetic flux § = J B44 as a function of 

current I? 

(b) If a gap of width s6? << A) is cut in the ring, what is the 

flux for the same current 1? 

(c) What is the field energy in the iron? In the gap? 

(d) With such a gap in the ring, what is the self-inductance? 


(HI-6) (20 points) A very small circular loop of radius a is 
initially coplanar and concentric with a much larger circular loop of 
radius b (a<<b), A constant current I is passed in the large loop, 
which is kept fixed in space, and the small loop is rotated with 
angular velocity w about a diameter, The resistance of the small 
loop is R, and its inductive reactance is negligible, 

(a) Calculate the current in the small loop as a function of 

time, 

(b) Calculate how much torque must be exerted on the small 

loop to rotate it, 

(c) Calculate the induced emf in the large loop as a function of 


time, 


{IV-1) (5 points) Calculate the electrostatic energy of three charges 
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q, q, and -q located at the vertices of an equilateral triangle of 


side a. 


(IvV-2) (5 points) State within a few powers of ten the ratio of 


electrical to gravitational force between a proton and an electron. 


(IV-3) (5 points) A point charge q is ata distance d froma 
conducting plane. How much energy is required to move the charge 


infinitely far from the plane? 


(IV-4) (5 points) A uniform electric field Ey in the x-direction is 
produced by an appropriate charge configuration. A thin sheet of 
charge o per unit area is placed perpendicular to the x-direction at 
x = 0. Ifthe initial charge configuration is assumed to be 
undisturbed by the presence of the sheet, what is the total electric 


field on each side of the sheet? 


(Iv-5) (5 points) Consider two concentric spherical metal shells of 
radii ri and ry (r, 
the inner shell is grounded, what is its charge? 


> ry). If the outer shell has a charge q and 


(fV-6) (5 points) What is the magnetic field inside a long, straight, 


uniform wire of radius R which is carrying a current I? 


(IV-7) (5 points) Two identical iron toroids are wound with N and 
2N turns of identical wire, respectively. Assume that the 2N turns 
requires exactly twice the wire length of the N turns. If the toroids 
are connected in series, what is the ratio of the potentials across the 
two windings when: 

(1) direct current flows in the windings ? 


(2) high-frequency alternating current flows? 


(IV-8) (5 points) A long, thin wire carrying a current I is placed at 
a distance d from a semiinfinite slab of soft iron. The wire’is 
parallel to the surface of the iron. If we assume the iron to have 
infinite permeability (i.e. w=), what is the force per unit length 


on the wire? State whether it is repulsive or attractive. 
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(IV-9) (5 points) A small, uniformly magnetized bead of volume V is 
located at the center of a circular loop of radius r carrying a 

current I, If the magnetic moment per unit volume of the bead is M, 
directed parallel to the plane of the loop, what is the torque acting on 


the loop? 


(IV-10) (5 points) The two rails of a railroad track are insulated 
from each other and from ground and are connected by a 
millivoltmeter. What is the reading when a train travels 180 km/hr 
down the track, assuming that the vertical component of the earth's 


field is 0.2 gauss and that the tracks are separated by one meter? 


(IV-11) (5 points) An electric dipole, m, is located in a region of 
constant electric field, E, at anangle œ to the field. How much 
work is required to rotate the dipole 180° about an axis perpendicular 


to m? 


(IV-12) (5 points) A very long, thin rod of dielectric constant K is 
placed in a homogeneous field ES parallel to the direction of the 


field, What are the values of E and D in the interior of the rod? 


(IV-13) (5 points) What is the relation between R, L, and C for 


critical damping in a series LCR circuit? 


(V-14) (5 points) The average light intensity on the earth's surface 
is 1,3 x 10° joule/m?/ sec, What are the peak values of the E and 
B fields in volts/m and wine assuming that the light is 


monochromatic ? 


(IV-15) (5 points) What are the boundary conditions for the electric 
field vector at the interface of two dielectrics, when a surface charge 


of density ô is present at the interface? 


(IV-16) (5 points) How does the potential of an electric dipole depend 


on the distance r from the dipole? 


(IV-17) (5 points) Give a rough estimate of the magnetic’ field 


Strength at the surface of the earth. 
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{IV-18) (5 points) What is the electric potential inside an isolated 


conducting spherical shell of radius R carrying a charge Q? 


(IV-19) (5 points) Give expressions for the energy density and 


momentum density of electromagnetic fields in vacuum. 


{IV-20) (5 points) Give the magnitude and direction of the Poynting 
vector at the surface of a long straight wire of circular cross-section 
carrying a direct current I, The radius of the wire is b, and the 


resistance per unit lengthis R. 


(V-1) (5 points) Consider a parallel LC circuit operated at a 
frequency w below its resonant frequency Wo Is its reactance 


capacitive or inductive? 


(V-2) (5 points) What is the force on an electric dipole of strength P 


in a uniform electric field E? 


(V-3) (5 points) Suppose N identical capacitors are connected in 
parallel to a potential difference V. What is the potential difference 
obtained when these capacitors are reconnected in series, their 


charges being left undisturbed? 


(V-4) (5 points) Two identical coils, each of self-inductance L, are 
connected in series and placed so close to each other that all the. flux 


from one coil links the other, What is the total self-inductance of 


the system? 


(V-5) (5 points) An isolated metallic object is charged in vacuum to 
a potential V » its electrostatic energy being W . It is then 

o o 
disconnected from the source of potential, its charge being left 
unchanged, and is immersed in a large volume of dielectric, with 


dielectric constant K. What is its electrostatic energy? 


(V-6) (5 points) In a spherical electromagnetic wave, how does the 
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magnitude of the electric vector depend upon the distance r from the 


source, for large values of r? 


(V-7) (5 points) An electromagnetic wave is normally incident upon a 
perfectly conducting surface. In the reflected wave, has either the E 


or the H vector shifted 180° in phase, and, if so, which one? 


(V-8) (5 points) Consider two charged metallic spheres, each of 
radius R, separated by a distance d (d> 2R). One sphere carries 
acharge +Q and the other a charge -Q. Is the force between the 
spheres greater than, equal to, or less than the force between two 


point charges +Q and -Q, separated by a distance d? 


(V-9) (5 points) Give an expression for the force per unit length 
between two long, parallel wires separated by a distance d, if the . 
wires carry equal currents I flowing in the same direction, State 


whether the force is attractive or repulsive. 


(V-10) (5 points) A laboratory C magnet has a pole diameter of 15 
cm andan air gap of 1 em, The iron path is 1 meter. The magnet 
is wound with 22, 000 turns of copper wire. 
(a) Taking the initial permeability of iron to be’1000, compute 
the induction per ampere in the gap in webersiim’ “amp, 
(b) For currents above 0.5 amperes the magnet appears to 
saturate, Using the B-H curve given below graphically 


estimate the induction for a current of 1 ampere, 


3 


oor .002 003 004 005 006 007 008 
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(V-11) (20 points) Consider the simple system shown in the diagram 
to transform electrical into mechanical energy. Two long parallel 
guide wires, of zero resistance, separated by a distance 4, are 
connected to a potential difference e. A bar of resistance R makes 
contact with these wires, and can slide parallel to itself, always 
remaining perpendicular to the wires, An externally applied uniform 
magnetic field B is perpendicular to the plane of the bar and the 


wires, 


Guide wire 
REKILE ROK 
Kei DX XX 
Kuk x x x og 
TASER | eR Se: 
xx XXX 


SEs 25 
Guide wire a x 


(a) If there is no external mechanical load, what is the 
steady-state velocity reached by the bar? 

(b) If the mass of the bar is m, obtain an expression for the 
velocity of the bar as a function of time t, assuming that it 
starts from rest at t = 0, 

(c) If we apply a constant external force F opposite to the 
direction of motion of the bar, what is its new steady-state 
velocity ? 

(d) Under the conditions of (c), what is the efficiency of our 
machine, i.e., what fraction of the energy Supplied by the 


battery is converted to mechanical work? 


iv- 12) (20 points) A parallel-plate capacitor consists of two circular 
‘atabee of raditis r separated by a small gap d (d<< r), Charges 
FOS and TA are placed on the two plates and, at time t= 0, their 


N are connected with a thin, straight wire of resistance R. 


Assume that R is very large, so that at any time, the field across 


the plates remains uniform, and inductance can be neglected, 
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(a) Calculate the charge on each capacitor plate as a function of 
time. 
(b) Calculate the total current crossing a ring of radius p 
(o< r) in either of the plates, as a function of time. (The ring 
p is concentric with the edge of the plate. ) 
(c) Calculate the magnetic field between the plates as a function 
of time and radial distance from the center. 
(d) Explain in detail why the only nonvanishing component of the 
magnetic field is in the azimuthal direction. 
(V-13) (10 points) A light wave has a frequency of 4 x 10!4 
cycles/second and a wavelength of 5 x 10°! meters, What is its 
speed? What is the index of refraction of he medium in which it is 
travelling? What is its wavelength after passes from the medium 


into air? 


(VI-1) (20 points) The system shown ii. the diagram consists of two 
flat conducting strips of length 4, width b (perpendicular to the 
Plane of the diagram), separated by a small gap a (a<<b, 4). The 
right ends of the strips are shorted, and a battery of voltage Va is 
connected across the left ends, The current is assumed to flow only 
parallel to the g-dimension of the strips, Neglect all resistances 
and all effects arising from the finite speed of propagation of 
electromagnetic fields, 


| ——> 
ET 
y PUAT 


; Enr een, 
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(a) What is the relation between the magnetic field B between 
the strips and the current I flowing in the circuit? 

(b) What is the self-inductance of the circuit? 

(c) What is the current in the circuit as a function of time? 

(d) What is the voltage across the strips as a function of the 
distance x from the shorted end? 

(e) What is the rate of flow of energy down the system as a 


function of distance from the shorted end? 


(VI-2) (20 points) Find the torque and the force between two circular 


loops of wire, carrying the same currents I, and of the same radius 


R, when they are located a distance L apart, with L >> R, and with 


their axes parallel and the currents in the same direction, Express 


the torque and the force in terms of the angle § between their axes 


and their line of centers, 


(VI-3) (10 points) A long wire is bent into the hairpin-like shape 
shown in the figure. Find an exact expression for the magnetic field 


at the point P which lies at the center of the half-circle: 


(VI-4) (20 points) Find the lowest-frequency normal-mode 
electromagnetic oscillation of a rectangular cavity resonator of sides 
a>b>d, with perfectly conducting walls. State the resonant 


frequency, and describe the spatial dependence of the fields. 


Electricity and Magnetism Wi 


(VI-5) (20 points) Consider a plane electromagnetic wave of 
frequency w normally incident on a nonmagnetic metallic surface 
with given conductivity o. 

(a) Write down the partial differential equation for the 

magnetic field, appropriate to the interior of the metal. 

Assume that w is small enough that displacement current 

effects can be neglected, 

(b) State the boundary conditions for the tangential components 
T? and H of the electric and magnetic fields at the surface. 
(c) Evaluate the (complex) surface impedance Z(c,w) defined 
by ro = zit X fh where d is a unit vector normal to the 


surface, 


(VI-6) (10 points) A straight circular cylindrical metal wire of 
uniform conductivity o and cross-sectional area A carries a steady 
current I, Determine the direction and magnitude of the Poynting 
vector at the surface of the wire. Integrate the normal component of 
the Poynting vector over the surface of the wire for a segment of 
length L and compare your result with the Joule heat produced in 


this segment, 


(VII-1) (20 points) 


(a) A long coaxial cable (shown in cross section) has a 
uniform current I flowing in the center conductor into the 


Paper, and the same current I flowing in the outer cylinder 
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out of the paper. Find the magnetic field B in each of the 
four regions. 
(i) r<a 

(ii) a<r<b 

(iii) b< r<e 

(iv) r>ec 
(b) Calculate the self-inductance L of a 10-cm length of this 
same coaxial cable. (Assume c>>a and c>> c-b so that 


we can neglect the thickness of the conductor. ) 


(VII-2) (20 points) 
(a) Given a black box containing unknown emf's and resistances 
connected in an unknown way such that (1) a 10-ohm resistance 
connected across its terminals draws a current of one ampere, 
and (2) an 18-ohm resistance draws only 0.6 amp, What 


resistance will draw 0,1 amp? 


oe : F 


(b) Draw a simple filter which will greatly attenuate 60-cps 


ripple voltage from the output of the circuit shown below. 


Specify exactly the values of circuit elements required. 
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Input 


Output’ 
signal bY 


(VII-3) (20 points) Two magnetic dipoles ay and Uy at fixed 
centers separated by r are free to rotate about their centers. 
(a) Sketch the configuration for maximum energy and 
calculate this energy. 
(b) Sketch the configuration for minimum energy and calculate 


this energy. 


(VII-4) (10 points) $ 


R = 100 ohms 
o Ba 


E 


C = | microfarad 


A capacitor C is suddenly connected to a battery of 100 volts through 
a resistance R, After what time will the capacitor be charged to 50 


volts ? 


t= seconds 


es 

(VII-5) (10 points) An electron is launched with a velocity v= 104 
cm/sec at 45° to a uniform field H = 104 oersteds. Describe 
quantitatively and completely the ensuing motion in one sentence, 


(Be sure to specify completely and quantitatively the exact motion, ) 


(VII-6) (20 points) A long straight wire of radius a hasa circular 
hole of radius b parallel to the axis of the wire but displaced from 


the center by a distance c. A current I flows in the wire and is 
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uniformly distributed across the conductor. Find the magnetic field 


CY 


everywhere in space, 


bte<a 


(VIII-1) (20 points) 


B = 10,000 Gauss 


D=2 œm 


A light brass wire of total resistance R= 1 ohm is wound around a 
disc of plastic (density p = 1 grajem>) and suspended so as to make 
an essentially undampened torsion pendulum of period T = 10 sec. 
The disc is initially at rest in a uniform magnetic field, B = 10,000 
gauss, with Bayiwithe plane of the loop, i.e., § = 90°. At time 
t=0, switch S is switched to M and then at t= Ti = 104 sec 
switched to N, Find the amplitude (in radians) of the ensuing 


oscillations as a function of t. ' 
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(VIII-2) (20 points) A box provided with two terminals is known to 
contain an inductance of besltgitls resistance, a capacitor, anda 
resistor. When 100 volts dc is onneated to the terminals, a current 
of 0.1 amp flows. When 100 rms volts ac at 60 cycles/sec is 
connected, 1 amp rms flows. If the frequency is increased and the 
applied voltage maintained constant, the current rises to a very high 
maximum at 1000 cycles/sec. How are the three components 


connected inside the box, and what values do they have? 


(VIII-3) (20 points) Starting with Maxwell's equations, obtain an 
expression describing the propagation of a plane wave of frequency 
w in an extended medium of conductivity o, dielectric constant €, 


and magnetic permeability u. 


(VIlI-4) (10 points) What minimum energy must a proton have in 


order to produce a proton-antiproton pair upon striking a deuteron? 
MeV. 


(VIII-5) (10 points) An inductance is suddenly connected to a 6-volt 
battery through a resistance R. What is the steady-state current 
drawn from the battery? After what time will the battery be 


delivering one-half its steady-state current? 


(VIII-6) (20 points) Write expressions for the magnetic scalar and 
vector potentials from which the following magnetic field can be 


derived: 
= A A 
B = k(yi + xj). 


(IX-1) (15 points) The electrons in a long tube of completely ionized 
hydrogen gas are flowing along the tube with mean velocity 10° 
cm/sec in a circular beam of diameter 50 cm. The total beam 
current is 10° amps, Find the magnitude and sense of the force F 


on one electron at the edge of the beam. 
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(IX-2) (20 points) The effective conductivity of a region of space with 
N electrons per cubic meter is o = -i(Ne2/wm), where e is the 
electron charge and m the electron mass. From Maxwell's 
equations, derive the velocity of propagation of electromagnetic 
waves in this space and from this the index of refraction. Explain 
how this problem is connected with the reflection of radio waves 


from the upper atmosphere. 


(IX-3) (10 points) The network 
mye 
v gei 


Cc; 


is raised to a potential difference of V volts, Find the electrical 


energy stored in the network. 


(IX-4) (5 points) To within two orders of magnitude, what is the 


{ 
pressure in mm of Hg ina vacuum tube? 


(IX-5) (20 points) A rectangular hoop of conductor has height H and 
width W. At t=0 it is dropped from rest, At that time the 

bottom edge of the hoop is a height h above the plane y = 0. Above 
that plane there is no magnetic (or electric) field. Below that plane 
there is a uniform magnetic field B perpendicular to the plane of 

the drawing and directed out of paper. The hoop has mass m, 
resistance R. Find the motion of the hoop for all times, Find the 
velocity v for all times, and plot it versus t. Of special importance 


are times t=0 to ty ti to tos and t greater than ty. 


How is the motion affected if the hoop is made bigger but retains the 
same ratio W/H, and it is made of the same material as before. 


ji 
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(IX-6) (10 points) A point charge q (coulombs) is situated a 
distance d from an infinite conducting grounded plate. Find the 
charge density at the surface of the plate as a function of the distance 


from the normal to the plate from the charge. 


(IX-7) (20 points) The plates of a parallel-plate condenser are 
separated by 1 cm, The potential difference across the plates is 1000 
volts. The plates are square and 1 m on a side. 

(a) Calculate the force between the plates in newtons. 

(b) Calculate the charge per unit area in coulomb/m?, 


(Neglect edge effects. ) 


(X-1) (20 points) Suppose that one measures the electrical 


conductivity of the following materials at room temperature: 


high purity copper 
n-type germanium 


niobium j 


One then plunges each of these samples into liquid helium (4° K) and 
repeats the measurement, How much does the conductivity of each 


material change? (qualitative answer) In which direction? Why? 


(X-2) (20 points) A very thin hollow cylinder carrying a current is 
10 cm in diameter. Itis surrounded by a hollow cylinder 20 cm in 
diameter and concentric with it. 
(a) Calculate the §elf-inductance per unit length if this outer 
cylinder carries an equal current in the opposite direction and 


the two are part of an electric circuit. 
fi 
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(b) State whether the force on the outer cylinder is one tending 
to burst apart or to collapse the cylinder, (Give reasons for 


your answer, ) 


(X-3) (20 points) Find the electric potential at all points in space 
produced by an electric charge Q located ata distance d from two 


grounded infinite conducting planes intersecting at right angles. 


(X-4) (20 points) A toroidal ring is made from a bar 1 cm in 
diameter and 1 m long bent into a circle. It is wound with 100 turns 
per cm. If the permeability of the bar is that of free space, 
calculate: 
(a) The magnetic field inside the bar when 100 amps are 
circulating through the turns, 
(b) Calculate the self-inductance of the coil in henries 
assuming that the coil is made of very thin strips and is wound 
tightly on the bar. 
(c) Calculate the electrical energy necessary to build up the 
field as the current is raised to full value, 
(d) Calculate the energy stored in the magnetic field from the 
values of B and H and the volume, 
Neglect the change in field with radius, and assume it to be uniform 
and equal to that at the center of the bar. State all units. 


(X-5) (20 points) Two unequal condensers (c,. cy) are charged 

separately to the same potential difference (V), and subsequently 

the positive terminal of one is connected to the negative terminal of 

the other. Then the two outermost connections are shorted together. 
(a) Calculate the final charge on each condenser. 


(b) Calculate the loss in electrostatic erlergy. 
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ọ 1-1) 
a. The skin depth is defined by 


c 
ô S —— 
{Qruws) 
which is proportional to the inverse of the square root of the 


frequency, Therefore we have 
= = |= ~ 300. 


b. The energy density of the laser is related to the peak value 
of the E-field by: 


a 2 
ED. 2 
ae 4 


from which we find 


E= y (8 x 10!) athe 6:x 10" cgs units 


11 volts 
m 


n 


4.8 x 10 


c. The circuit equation is 


d 
B+ Ata is 0. (1) 


Differentiating (1) with respect to t, we get 


2 
LH Ray 
dit dt 


= 0. (1)! 


Substituting 


Ig 
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-iôt 
e 


I-A) 5 (2) 


into (1)' we obtain 


The solutions of 6 are 


et -iR Ł VER? + 4L/C) 


2L % 


The condition of critical damping is 


(I-2) Let x = A sin yt, (1) 


The energy of the oscillating electron with mass m is 
E= ay 

2 
from which we get 


A aoa (2) 
mw 


The rate at which the energy is radiated is 


N 


z = - ea? (3) 
8c 


ia Ree: i 
where a= Ay sin wt. Substituting (2) into (3) and averaging over 


one period, we get 


Œ 2e 42E __ 2em? a 
dt Eee) Dicey art 
ec mw mce 


The energy of the electron as a function of ¢ is 
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E=E_ exp(- aoe (5) 
o 3 
3mc 
a, AE © At E E a E 
3 w 3 
se 3c 
2 E i 
_ 2TA Bere. ay H x 2r(4. 8)" x 10 ao x 104 
See Saxe ZTN 10°° 


u 


gaio o ere eN 


b. The mechanical average energy of the electron is the sum of 


the mean kinetic energy and the mean potential energy, We find 


E = mv" = LANAA 


2 


where v = Aw is the maximum velocity of the electron, The ratio of 


the radiated energy per cycle to the mechanical average energy is 
WŒ 27 a2 24 2 l drew ; 


E Erg 3 
a oe WA ae 30 m 


_ 4m x (4.8) x 10.79 x 10° 


3x27 x10 wed 
= 3.9.x too 


c. Taking E = JEY we can solve for time t from (5). 


3mc> 


aac un 


3 


= (In 2) 


-28 
A x 9.1 x 10 


30 


20.69 x:3.x 27 x10 
2 x (4,8)7 x 10°79 x 10 


1.1 x 107" sec, 


(I-3) 


a. The potential of a single charge as a function of distance r 
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is 

v=4, a) 

Differentiating (1) with respect to -x, we get the potential of a dipole 

orienting in the x-axis direction, 

AAN, _ xqAx _ P cos 9 

Nes ie a LG Te 

P r 


where P = qgAx is the dipole moment. The E-field of the dipole is 


2 P sin 9A 2P cos 6A 
eee 9 eee 
a 3 4 SA 
r r 


A A 
where 84 and r, are unit vectors, The potential energy of two 


parallel dipoles is 


2 
es ae es, eee 
ida 


where we have used ĝ = 90° and r= d, 
b. The dipole moment of a conducting sphere in a uniform 


g S 3 
field E is known tobe R E, where R is the radius of the sphere. 


The force between the two spheres is - w, or 
26 
3203 3E 
F= (ER === (repulsive), 
d 
(1-4) 


a. According to Ampere's law we have 


where I is the net current passing through the area defined by the 


closed curve, Using I=pvrr and the fact that B is independent of 


angles we obtain 


Solution Set of Electricity and Magnetism 123 


4 
B(27r) = z ee: 


or 
2 2Tovr 
c 
p: Let 
peo’, 
ic 


The force acting on a proton at r = ai moving with velocity V' is 


F n eV'B SE 
o a N 

or 

ess 

& ~~ em %o™ 


eĝ 
eos ' (1) 
y al yeas 
and 

m5, 65 AR ce. eye 
is 2cm o tra Jem o m 

f eby b 

2cV'm 


which is negligible compared with y5 when L << focal length. The 
direction of the proton after passing through the cylinder is defined by 


v 
Doe (2) 
V' focal length ~ 


Substituting (1) into (2) we obtain 
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2 
a <2 REM ont ete Verma" 
focal lengt ae ey, Vit’ edt L  2mpvle 
ezm 
si cm ye 
" “2TepL’ v’? 


where we have used i = L/V' and 6 = 2mpv/c. 


(I-5) 


x? 


Let oxyz be the laboratory system and o°x°y°z° be the 
system moving with the charge, The potential of a point charge at 


the point P in the rest frame of the charge is 


A =A =A =0 
x y Zz 
and 
vo = with r ai tat? p? + y2y74yt/? 
o 
or z dr CMP) 
packs ane esos O hale (1) 
C4 De! at r 
o o 


The Lorentz transformation from the rest frame of the charge to the 
laboratory system is: 
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y ANB 
WB -Y 
where we have used the abbreviations 
x and y= UE, 
c joe 
1-v/c 


With the above transformation matrix, we obtain the following 


B= 


relation between the potential in the moving system and the potential 


in the rest system: ` 
A 1. Obie 0 0 
x 
A 0) La 0 0 
Y j= 
A, 0 0) You =e 0 
A atte) 
iV CEE EA ay 
or 


z y 
A, = ypv° = 15 
Z E 
(0) 
and 


(2) 


iV =iyv? -iye 
Ñ 
o 


The Lorentz transformation which connects coordinates in the 


laboratory system to those in the rest system is 
e (z= A EEE PEET o i 


and 
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from which we find the following relations: 


Bu, alee mares 
az əz 82 ət az 
Bey A HA lit A Coke, 
FUSER eine 
o c oO 
oie Taal eg 
Sth ozat abe at 
Lo} 
CPEE Moth & Adley 
Te ag Va 
or 
a_, 8a 2.3 19 
—+-—-—= - eS a 
Scag y1 o aa Yaz, 


+ ass 
nse cat 
and 

> + 
B=vVxA 


we find the fields at P ofa point charge in uniform motion are 


A 
E BERON 1 z_ye Bo eye 2.96 
ea GG tear, - a - 8%) 2 
Z oz cot 209%. Vest (0 2 az 
r ie o 
o o 
NEVE y evt 
3 2 ] 
- b hy E 2 
o 
aV _ bye yeb 
Br aS Sa eS : E =0 
x 3 2 ji 
ax re ( hy? 2,2,3/2 y 


and 


126 


(3) 
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i on _ YEebue yebv. 
alee ramen: THEE] Bee 
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where we have used the relations 


2.2.2 
Reap y vot 


or zZz d 
p20 20 _ St Sadia 
Z pa r 
Oo [0] o 
(L-1) Let 
PLM 
y = 


and integrate over dV, 
I = | f(r)dV ah ay tay 


= if ve . ds (Gauss's theorem) 
S 


where S is the surface which encloses the volume V. In spherical 
coordinates the integral becomes: 
Har dedp sin 6 = - [Í asa sin 6 
S 
=0 if the point r= 0 is not inside surface S. 
=-47 if the point r = 0 is inside surface S. 


We see that the function f(r) satisfies the definition of the 


generalized function -4rô (r). Therefore 


ie) = y? 4. = -4mo (P). 
|r] 


(II-2) The electrostatic field, E5 due to a charge q is 
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At large distance the field, Ep of a dipole is 

dE S 
OINEN 


where Ax is the separation of the two charges. To find the field, 
Ey due to two dipoles with opposite sense (quadrupole) separated by 
a distance Ay, we need simply differentiate the dipole field, Ep 
with respect to -y. Therefore, 


dE 


-2 Axiy. 


E, Wa } 


Similarly, the field, Ey, due to the eight charges at the corners of 


a cube {octopole) is just 


dE 


E; Sre dzdydz AxAyAz, 


from which we find E, is proportional to re since 


Ax = Ay = Oz = constant. 


(II-3) In the radiation zone, the electric field and the magnetic 


induction for dipole radiation are: 


R ikr 
ESk OTRE 


and 


ikr 
e 


r” 


R 
Bek (a xp) 


Here k = 217/) is the wave number, p is the dipole moment, and n 
is the unit vector in the direction of propagation which equals the unit 
position vector here, (Since the intensity obeys the inverse square 


law, the field has to be proportional to 1/r. The direction is defined 
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2 > 
by the relation E x B ah n. The expansion of the vector potential 
gives one k factor for the term corresponding to dipole radiation. 
The second k factor simply comes from the relation 


+ + > + 
B=vxA-=ik x A). The fields due to the two dipoles are 


4 
ee A oe 
2 dx 
~ ae 2 Pe 
= (a xp xn a 
and 
Boe kes 
2dx 
z Ag Ta 
2 p E 


1 
where we have neglected all terms proportional to ~z. The 


i 
Poynting vector, S, at large distances is 


S-L hp 
bs 
x CTK pe eee 8 gin’ 8 cous ca 
2 
4r 


where 
cosg = 4% sips 
8 = and tan me 


(Il-4) The resistance of a superconducting loop is very small, If 
there were any change of the magnetic flux, , through the coil, the 
induced emf would immediately produce a large induced current to 
keep the magnetic flux constant. Before the two loops are 


superposed, the magnetic flux through each loop is 


1a AB = CI (1) 
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where C is a constant. After they are put together, the magnetic 


flux through either loop is 


op = Cl = Cll, +15) (2) 


where I' is the final total current in the two superposed loops. The 


condition o, therefore, leads to 


dupes 
de pal 

=eeJ'=s 3 
gt =51 (3) 

since the two loops are identical, The initial energy of the system is 


1 
W,=5Lr += u 


< ED, (4) 


The final energy of the system is 


L 124 L 12 ‘yt 
w= aes Se OMe (5) 


Furthermore M = L when the two loops are put together. Using (3) 


and (5), we obtain 


The change of energy is 

Rh has a 

which has been converted into mechanical energy (e.g., work done to 
the hand or to some friction force) and ratiation energy. 

(Il-5) The equivalent impedance of the circuit is 

1 


=+i 
R iwC 


Z = ilw + 
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2 
z: +i = ey 
L+RC +Rc} V (LC) 


The total current through the circuit is: 


The current through the resistor is: 


1 


R T+ CR total 
See 1 7 
si RL eee) 1 
Se 5 ——— 
L+R°C mee (LC) . 
iwt r 
ers Pea 
RR, 
where 
2 
A RL- 4 1 
fa ad “i 3.) Le 
LÆR C L+RC 
5 = Rak 
L+R°C 


py 
eal nat — 
1+R Co 
R feo + R O te RECO 
.——7 79 
NER CU 1 + (RCw) 
Using 
x. 1 
w= —_ 
(LC) 
we obtain 


131 
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2 
R, = /1 + (wCR) 


«Gn Dee daana 
8, = tan A g and 6, = tan wCR, 


> >, 
= eae R | - ke 
(II-6) Let the electric intensity be E = Belt a The 


displacement current is: 


while the conduction current is cE. If the two currents are equal in 


magnitude, we have 


=a f ; (1) 


Therefore we can define a complex index of refraction n 


t | Ato . Ato 
Ha = S, = 1s laaa | 
C (e, Ww De, | € a 


o 


or using (1) we get 
N es A (2) 


where k is called the absorption coefficient. . The reflection 


coefficient is related to the indices of refraction at normal incidence 
by 


(n, - “ye + (nk) 
ca Rese E (3) 
(a+ 1)? + CASH 


Both n, and k are defined in (2) to be real and positive, We find 
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| NE 
n = a 2 See 
o 2 


and 


k= : ~ 0.414, (4) 
14+/2 


Substituting (4) into (3) we obtain the reflection coefficient r = 0. 047. 


(Il-7) An uncharged conducting sphere placed in a uniform electric 
field is equivalent to an electric dipole situated at the center of the 

sphere as far as only points outside the sphere are concerned. The 
electric field of a dipole can be expressed in terms of the two 


> > 
components En and Eo as follows 


2 2P cos 6A 
a 


E: 3 T 
r 

z P sing A 

a al 

8 mae 
r 


where P is the equivalent dipole moment of the sphere; 


P=R°E 
o 


and where R is the radius of the sphere. 


(III-1) The rate at which the kinetic energy of an accelerated electron 


is lost due to radiation is given by 


(1) 
dt 
ge 


where E is the total energy of the electron proton system; a is the 

acceleration of the electron; e is the charge; and c is the velocity 
a 

of light. The acceleration Às related bo the radius, r, of the 


orbit of the electron through the equilibrium condition 


Solution Set of Electricity and Magnetism 134 


2 5 
Using equation (2) and the relation a =v /r, we find that the total 


energy of the electron proton system is 


E-imv -2 =- (3) 


e dr 2e (4) 


ei wee ae (8; 
3m, Pe 


After integration, (5) becomes 


a 
T 2:3 o 2.3 
N oe AC Qian eco 3 3 
nd dt = 3 E 3r°dr = (RY - a) 


4 dee 


where R is the initial distance between the electron and proton and 


ay is the Bohr radius. 


(Ill-2) For r #0 the Poisson's equation in spherical coordinates is 


5: 


E age 
p 


2 

NNG + AV (r) = -47o (r) (1) 
dr 

where A is a differential operator depending on the angles, For a 

spherically symmetric potential, AV(r) = 0, Using the given 


expression for V(r) we find 
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ie - Lod srat 
A dee 2 
dr 
2 -Ar 
ke 
Iron r #0. 
For r+» 0, 
-\r 
v=- x= 
P z= 


The relation 


2 
v i- -478 (r) 


was proved in problem (Il-1). Therefore we have 


N aie 
plr) = &(r) - 7 3 


r 


As r>» 0, only the term 6(r) contributes to the total charge since 


3 
the volume is proportional to r . 


(IlI-3) Let E, E', and E" stand for the electric field vectors of 
the incoming wave, the refractive wave, and the reflected wave, 


respectively, The linear momentum density of the plane wave is 
y 


known to be (e.g., see p. 200, Classical Electrodynamics by 
J. D. Jackson): 4 


2 
G, =H ey -2 erp m- Btn’ with H=VeE' = nE! 
1 4:re 4c 41re 


for the refracted wave in the dielectric medium, and 


for the incoming wave in the air, and 


G, = E'H" 
3 4te 


Solution Set of Electricity and Magnetism 138 


some source of charge (battery) to supply energy. Let C' be the 


capacitance of the system without the dielectric material, From (4) 


we find 
are E 
C= r, 2 (9) 
a 
1 


The work needed is 


work needed = toy? = icv - (Q' - Q)V 


where Q' is the final total charge on one cylinder. Using Q! = C'V, 


we get 
y2 
Work needed = T CO OLD) 
2 
= > 27Te L ii F = E 
son = + gn = én ag 
1 3 ia 


where we have used (4) and (9). 
(III- 5) 
à. The magnetic induction for such a toroid is 


NI 
Bru, 2rd * 


Therefore the total flux passing through the cross section of the 
toroid is 


NI, 
P =U ong A for d>> VA. 


b. The equivalent circuit equation for magnetic flux is 


R gh =i 


where R; is the reluctance of the path in the iron ring and Ry is 
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the reluctance of the air gap. Using 


(2rd - 8) ô 
= =, R, =———., and R, = —>; 
Pt Fo 1) ee 2° uA 
we obtain 
£ NIA D NIA 
%*Ho@rd-6) ,, ‘Yo 2nd +- 18 
u 
S NIA 
MG (u6 + 27rd) 
uu N I Ad 
P ais 1 2 o 
c. Field energy in iron =; B x (volume) =— 5—7 
WU an +d) 
wu NTA 


Field energy in the gap = pe yea 
2T 
For ųu>> 1, we see that it takes comparable amount of energy to fill 
up the gap even for very small ô. 
d. The self-inductance of each turn equals dp/dI. There are 
N turns and all of the flux links with each turn; therefore it follows 
that 


2 
N 
5 MA 
We + 21d ° 
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(III-6) 
a. The magnetic induction due to the large loop at the center of 


the ring is 


mH 


Ho 


Loe al 
B= zp? (1) 


The total flux is 


Ta ul 


cos 8 for a<<b (2) 


where § is the angle between the two loops. If the small loop is 
rotating with constant angular velocity w we have 6 =wt. The 
induced electromotive force is 


pues 
emf at: 


From (2) we get 
raul Y 
z” sin wt. (3) 


emf = 


According to Ohm's law, the current in the small loop, l is 


See 
neS is jy sin wt (4) 


b. The input mechanical power is r£ which should be equal to 
the induced electrical energy Lad in order to conserve energy. 


Using (3) and (2) we obtain 


Twa 
es PE ees IDR 2 ai wt) $2) 


i ra” Ho oP w gin’ wt 
2b R (5) 
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c. From (2) we find that the mutual inductance of the two loops 
is 
2 


FE Ta u 


cos 0s 


a 2b m 


The induced emf in the large loop therefore is 


2 
dI mwa u Isinwt 
eet. o 


dt dt 2bR 
2. 2 42 
Tlw au 2 
mn aa wt 
4b R 
mae cos wt\2 
2b R° 
(IV-1) 
2 2 2 2“ 
pa a Se 
a a a ie 
(IV-2) 
-10 2 
electrical i AEK LOEN D 10° 
a ae 3 3 
gravitational 10 27 x 10 a1 x 2000 x 6.67 x 10 


-1 
where we have used e = 4.8 x 10 ? esu, M,~ 2000 ma 


x -8 . ‘ 
mr 10 27 gm, and G= 6.67 x 10 in cgs units. 


(IV-3) The potential energy between a point charge q and a plane is 
just half of that of point charges q and -q separated by a distance 


2d, Therefore we have 
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(Iv-4) According to Gauss! law we find the field due to the charge on 
> A ily T 

the sheet is + 2mo for x g ai Using the superposition principle, we 

obtain. the resultant field 


>O0 
= = 
E E t 27 for X & 9: 


(IV-5) Let q' be the charge on the inner shell. The potential at the 


inner shell is the sum of the potentials due to q and q', 


respectively: 
finde E 
Boake T 


which is zero since the inner shell is grounded, Therefore 


(IV-6) Using 
2 
> 4 r 
Be dg = i= —— 
$ ¥ Hot Ho RÊ I 


we get 
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where L; is the self-inductance of the toroid i, 


(IV-8) The force between the wire and the slab is the same as that 


between two wires of current I ata distance 2d. ‘Therefore 


2 
a -TI Newton 5 
Ba -2x10 5j mee (Attractive). 


(V-9) The magnetic induction B at the center of the loop is 


from which we find the torque is 


Torque = HMV = BMV 
o 
_ VMI 
pr 


Here we have used the convention of permanent magnets, If one uses 
the convention of current loops, M should be replaced by 

M'= (M/u) and H by B; similarly for problems (VI-2) and 
(VII-3), 


(IV-10) The induced emf is 
Smi = = ap = 
at BLv 


+ 
z -4 wb 
E E E x eee we x 10 —) 


sec 
3.6 x 10 


= 107? volt, 
(V-11) The work needed is equal to the potential energy difference 
which is 2mE cos a. 
(IV-12) Since the tangential component of the electric intensity is 
continuous across the boundary surface, we have E =E It 


follows then that D = KE = KE,. 
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(IV-13) R=2/V1L/C as we proved in problem (I-1). 


(IV-14) Since 


2x 1.3 x 10° 


N 10° volts 


p 8285x107 x 8 x10 oa 
and 
E 3 
~ 10 ~ - b 
B = 7 yt 3 x 10 ‘=. 
3x 10 m 


(IV-15) Using Gauss's law we find 


The tangential component of the E-field is continuous. Therefore 


Boe 


(IV-17) 0.5 Gauss, 


(IV-18) The electric potential inside a conducting shell is 


4re R° 
o 
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(Iv-19) 


ae pa) oY) 
Energy density = gE oF + a B). 


o 
” 2 i 
Momentum density = 5 H in mks units. 
c 
(IV-20) 
> N 
Poynting vector = È x H = (RIk) x zr 
i | 
RIA i 
E, d). 
27b ry (inward) 


(V-1) The reactance is 


1 1 iss © CL 


1 
Z iyL 1/iwC iwL 


iwL 
2 ae 
1-wy /w 
which is inductive. 
(V-2) 0. 


(V-3) The final capacitance is S, the potential difference is 


ATAA g _ Q _ charge on each capacitor 
EN ne =INV Se T capacitance of each capacitor” 
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(v-4) 4L. 

(V-5) Using the fact that the displacement D is not affected by the 
existence of the dielectric medium, we find 


2 
D? Bo Wa 


WH A R O E 
(0) 


WwW 
o 


or equivalently 


(V-6) According to the inverse square law we have 


(V-7) Since the tangential component of the E-field is continuous, 


we have 


Aore +0 or E S-E 
Ba O or Ep7 E, 


D 
where Ep is the electric vector in the reflected wave, Therefore 


W 
Èp is shifted 180° in phase with respect to È. 


(v-8) Greater. (Metal spheres allow redistribution of charge in 
response to the attractive force, so that the effective separation 
distance is decreased, ) 
(v-9) 
2 
uol 
2rd ° 
The force is attractive, 
(V-10) 


a. The line integral of the magnetic intensity around any closed 


Solution Set of Electricity and Magnetism 147 


curve is equal to the the total magnetizing current through the surface 
bounded by the curve, i.e., 


$ Hde = 1 = ni 


where n is the number of turns of wire. Since the air gap is much 
smaller than the pole diameter, ‘the induction in the air gap is 


approximately uniform. The above formula becomes 


+ = 
Heyt Hot, 


where 1 and 2 refer to air and iron, respectively. H4 and Hy 


are related to B4 and Bo by 


Bae BIB 
H,-—-— and Hy = -—. 
1 o 2 Mo 


For very narrow air gap B} % Bove have 


B So ~ webers 
T ee 23) ee 
bo a 
PAN m -amp, 
TS 


-3 2 À 
b. For i=0.5amp, ujH= 1. 25x 10  webers/m . When i 
increases to 1 amp, Ho Ho 6 x 0) iP From the given B-H curve 
2 
we find B~ 1.7 geben instead of 2.5 webers/m , 
(V-11) 
a, The system reaches the steady state when the induced emf 


cancels the potential difference of the battery, i.e., when 


€ = Bvg 

or 

ie we 
Bi” 


b. The current flowing in the bar at time t is 


Solution Set of Electricity and Magnetism 148 


Swe BYE 
ip yee 


from which we find that the equation of motion for the bar is 


. - Bv 
mv =F meS, 


S R )B4. 


The solution is 


where we have used the condition that v= 0 at t= 0. 


c. The equation of motion becomes 


mv = CF ps hae 


Using the steady-state condition v=0 we obtain 


ei LER 
ER 
BA By) 


d, The current i under the conditions of part c is 
D S SA acne 
i R Bo" 
The energy supplied by the battery is ei of which a power of Fv is 


being converted into mechanical work, The efficiency is 


(V-12) 


a. The circuit equation is 


Q,2R- 
B+ SER =0 


from which we find 
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-t/RC 
Q=Qet M 
b, Since the charges are uniformly distributed, the total charge 
outside the ring of radius p is 
2 2 
i. So ae 


qag’ = 0°) 
B r 


from which we find that the current flowing into the ring of radius p 


is 


2 2 
psd . Bot Tp) ) RC 
at A 5 


RE 


c. Using Ampere's law, we find that the magnetic field is 


etal 2 Hoo oe t/RC 
o 27r. 2reRe i 


d. 


Al, (1.0, + 6.2) 


Figure 1 


B, rojected view 
POs 2o) à (p J 
from the top) 


Al, (1.6, — 9.2) 


The reason why there is only a 8 component of the magnetic field is 


as follows (Fig, 1). To find the magnetic fields B. and B3 
z refer to 
o 


at an 


arbi i i 
itrary point Piro GP zo} wheres Ts Oo 


cylindrical coordinates, we first calculate the fields at that point due 
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to two current segments Af, and A4,. We define AL, to be at 


1 2 


(r, 0 +98, z) and Ag, tobe at (r, Bm @, zZ). The current 
o 


2 
directions are along the radius vectors, The fields due to AL, and 
9 are: (For simplicity, we have assumed P is inthe x-z plane.) 


aan 


x 0 


ER ard 
cae 
Ais" A A 

a (cos 8 $ + sin o 9) x [(r cos 8 - rok +r sing y + (2 - z,)2] 


and 
B, = (cor o È ~- sin 8 9) x [(r cos 8 -ro -r sin 8 9 + (z - 2,)2] 
or 
B, +B, 2 cos 8 (z - z2) x 2) = -2 cos Q(z - 2 
= -2 cos §(z - z8. 


from which we see Ba and B due to the two current segments 
vanish. If we integrate the field over r and 9 and sum over the 
two plates, we get the fields due to the two plates. From the 
consideration above, we conclude that the only nonvanishing 
component of the field is along direction. 

Alternative proof: Since current and position vectors are polar, 
it follows from Ampere's law that the magnetic field is an axial 
vector, Assuming electromagnetic laws are invariant under space 
reflection, we find that the magnetic field vector changes sign upon 
space reflection, Let P and Q be two points in a plane, symmetric 
with respect to the central wire (Fig. 2a). The magnetic fields at 
these two points are related to each other, as shown by the arrows in 
Fig. 2a, by rotational symmetry. Let P! be the reflected point of P 
inthe mirror. The magnetic field at P' as shown in Fig. 2b is of 
opposite sign to the image of the field at P inthe mirror, We then 


rotate Fig, 2b by 180° thus to get the situation in Fig. 2c, We find 
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P! coincides with Q but the field B.B) at P' is of opposite sign 
to BB) at Q. It follows that Ba and B; must be zero. 


Figure 2a. i 


Disc 1 


Disc 1’ 


Figure 2b. 


(V-13) 
Speed = frequency x wavelength 
4 = 
SAKAO Xoxo i 


8 
=2x10 m/sec. 


A =m = 7.5 x 107" meters. 


(VI-1) 
a. The magnetic field outside the plates is zero and that between 


the plates is approximately constant, Using 
Bh. ds eit 
. s= Ho 
where dg is perpendicular to the plane of the paper, we find 


7 uot 
Bb - ul or B = < (into the plane of the paper). 


Here we have assumed b>> a so that any term depending on a/b is 


negligible, 


Solution Set of Electricity and Magnetism 152 


b. The self-inductance is 


ut sa 
i - [9e/at| . [de] i dea) a Hod, Hol 
di/ dt dI dI a sb’ b 
c. The circuit equation is 
di 
V- La = 0, 


d. The self-inductance for two strips of length x is 


oa Hxa 

1 Bie 
therefore 
eae di Hosa 


x 1 dt PUE 


e. The rate of energy flow is 


u xaV va 
Energy = V_i = ( DE \G- t) 
xa V 2 
ana G2) t 
b L 


(VI-2) With L>>R, the two loops act like two magnetic dipoles 
with magnetic moment HOTA, where A is the area of the loop. The 
induction B at loop two due to loop one can be resolved into two 
components; By in the direction of increasing r, and B, inthe 


direction of increasing 9. We find 


Solution Set of Electricity and Magnetism 153 


u ; u 
B s o pp? sin 8 Leone ee 
f] 4 3 4 2 one 
L (east) 


> 


Bo h 
where x= L cos 8, y= L sin 9, and AEUR is the equivalent 


dipole moment of each loop. The torque on loop two is 


T= mR'B, sin 9 + B, cos 6) 
amy CR sin 0 cos 9 
ne 


The direction of the torque is pointing into the plane of the paper. 


The force on loop two is 


P-P +P 
8 r 
where 
dB 
E^ = ae 
8 ae dx 
u 
ra 
eY 
e ee 
2.3 
EYA] 
= - u (R°)? sin § cos 0 
L 
and 
dB 
Boy in” oe 


Solution Set of Electricity and Magnetism 154 


1 2 2igin” 9 = 3 cos” 6 
gh R ) ae an ek 
L 
(VI-3) The field at P due to the wire other than the portion of the 
half-circle equals that due to an infinitely long wire with current I 
ata distance r. The field produced by the current along the 
half-circle is just half of that due to a full-circle with current I. 
Therefore 
af I I 
the direction of which is perpendicular to the plane of the paper. 
The above conclusion is obvious if we add another identical loop 
as shown in the following figure. Now we have two infinite long wires 
and a full-circle, both with current I. The fields due to the two 
wires simply add up at P, The field of each loop is one half of that 


of the whole. circuit due to rotational symmetry. 


(vI-4) The wave equation in the cavity is 


2 2 
3 2 
Cotter y= 0 (1) 
3x oy 
where 
2 

2 Wo 44), 

Y ue, 77k); 


and y stands for either the E- or B-field, The boundary 
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conditions of the fields are 
t-o at x=0,a and y =0,b. 
The general solution of (1) is 


MTX 669 nn = 1, 2, 3 oe (2) 
a b 


tan) = Bo cos 
Substituting (2) into (1) we find 

m+ a) (3), 
The z-dependence of the fields is that appropriate to standing waves: 
¥,,(2) = A sin kz + C cos kz. 


In order to satisfy the boundary conditions at z= 0 and z=4, k 


has to satisfy the following relation 


Using (4), (3), and the definition of y, we find that the cutoff 


frequency is 


For a>b>d, the lowest frequency corresponus to m= 1, n= 0, 


and 2=0, We find 


TC 


W = —————— 
100 ange. 
oo 


The corresponding field is 


e 1 
tioo = tio% yu (2) ~ cos + 
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+ > A l 
a. Supplemented by Ohm's law J =oE, Maxwell's equations | 


(VI-5) 


become: 


4 
ðH { 
> + b 
vx H-—E=0 (1) 


where we have neglected the term corresponding to the displacement 
current. For a harmonic wave with frequency w, we can eliminate 
3 

E from the above equations and obtain the following wave equation: 


4 > 
yxy x H+ Ui = 0 : (2) 
c 
ee 


5 
where we have assumed that Å- Hy elt - For a plane wave, 


Ht is parallel to the surface, Thérdtene 


+98 

ven 3z. 
so that 

+ > 24 25 37 + 
VXVxXH=v(v-H)-y H=-y ie pile 

az 

Eq. (2) becomes 
a7 > > 4Touw .> > i 
3 (0% E> Sin o, (3) 
dz c 


where n 4 ii = E. 

b. Since the n potential between two points is independent 
of path, we must have Et a i.e., the tangential component of 
the E-field is continuous, Fora perfect metal, Ht vanishes inside 
the metal since the surface charges move in response to the 


incoming plane wave. We have 
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> >t 
K and Ho =0 (4) 


4 

where K is the surface current, occupying a layer of thickness of 
a > 

the order of the skin depth; K = oF. For z> 0, then equation (4) 

becomes Ht = Buy 


c. Using (3) we can solve for H 


H =He (5) 


is called the skin depth. From (5) and the second equation of (1), we 


find 


Ft +t 
ee w iin 
ae (1 +i)(m xH) Bc eis 


which leads to 


Z ao E 


(VI-6) 
a. At the surface of the wire, the B-field is i 


where a is the radius of the wire. The electric field is related to 


the potential difference V which equals IR; 


Vo IR I ( 
ote eae ee 2) 
SHS asa EES, s 


The direction of the E-field is along the wire. The Poynting vector 


at the surface of the wire in vector notation is 
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PR 


A 5 
HEEE (inward) 


where ri is the unit vector pointing along the radius direction. 


158 


(3) 


The rate of the field energy flowing into a wire segment of length L 


is 


W = 27aLS 


which is the Joule heat produced, 


(VII-1) 


a, According to Ampere's law, we have 


$B. de yt 


(1) 


where I' is current through the surface bounded by the closed curve 


over which the integral is to be carried out, 


li, For a<r<b, I' =I, “Equation (1) becomes 


iii. For b<r<co, 


(2) 


(3) 
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2 orani eae 
r=1-I5 z7 aN 
c -b c -b 


Equation (1) becomes 


: uot (ct es 
o 27 fee 5 Bo) 


iv. For r>c, [= 0. Therefore Ba =0. 
axis are identical to zero for all 


along radial direction and z- 


four regions. 


b, The self-inductance is defined as 


a 


where ọ is the total flux passing through 
(3) we find 
b 
p= 2h 1 dr B 
a 8 
ql tuo! 


„opi 
E a? 


therefore 


159 


The components 


(4) 


the region ABCD. Using 


(5) 
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Let us first prove a general theorem that any such black box 
can be replaced by an effective emf and an effective resistor 
connected in series. The general arrangement of many emf's and 
resistors in the black box is shown above. Let i; be the current 
flowing through the ith loop. The circuit equation for each loop is 

N 


Fa SS ellis PRE i eee) WN (1) 
i jai ijj 1 


together with the relation of conservation of currents, 

N 

Zz i,=l - (2) 
i 


where bi and ar are functions of the resistors. Solving for i in 


(1) we have 
N 
i, = (E, - b RDA, feats crease IND (3) 


1 


where (A, ,) is the inverse of GRE Substituting (3) into (2) we have 


N 
2 (&. - b.RIVA,. =1 
aig 1 1 ij 


J-l 
or 
N 

D EAL =I(1+R 
AUNA] ( z PAn Ne 
jet lee 
Let 

© EA.. 

ji idj 
PONN 

a b,A,. 

Pa ah | 

Jet 
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rey 
X bA 
E EEY 
jet 

(4) becomes 


E=I(R+r) (5) 


where E is the effective emf and r is the effective resistance. 


Using the given data we find E = 12 volts and r = 2 ohms. Therefore 


R should equal 118 ohms in order to get a current of 0.1 amp. 


p: 


Input 


eee 
Filter 


In order to attenuate 60 cps ripple voltage the filter must have 


very low impedance at that frequency. Therefore we’have the 


relation 
1 The -6 
LC == =- c) = 
5 Gaon 7x 10°", 
w 
(VII-3) 
a. 
= ars k a i cos a Uy 
uo u nergy Aa E =U 7 
1 2 maxi) lw 2 EREN amit 
T pe P eae paaa Uan 
: u ner AES E SET É 2s 
1 2 min 1 2 1 tn omit 
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(Vil-4) The voltage as a function of t is 


VeVi URG, 


Using W = 100 volts and V = 50 volts, we find 


t=RC 2n 2= (in 2) x 104 seconds. 


(VII-5) The component of the velocity of the electron perpendicular 
to the field is 
10° em 3 cm 


Mo wee. = 7,071 x 10 se 


From the equilibrium condition 


2 
mv ev H 
Lee te aes 


R c 


we find the radius R is 


1 i 
ae o aa a0 0.91 x 107°) -8 
Sapna, s = 4.0K 10 cm. 


R = 
(4.80 x 10 +°)(10") 


From v, and R we find the frequency is f= wail 2TR = 2.8 x oS 


hertz. Therefore the electron is travelling in a helix, with radius 

R and pitch v ES = 27R = 25 x io eas 

(VII-6) This system can be replaced by two wires, A and B, of 
radii a and b, respectively, as shown in the figure. Both wires 
carry the same current density J as that of the original wire, The 
current on the wire B is of opposite sense, while the current on the 
wire A is of the same sense as that in the original wire, According 
to the superposition principle, the field everywhere in space is the 
same as before, Using Ampere's law we find the induction B, due 


to the current on the wire A is 
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y 


By 2 arr 
| or 
u_iIr 
B= a for r<a (1) 
2mr(a -b ) 
u Ia? 
= a for r>a (2) 
2mr(a -b ) 


where we have used the relation 


and 


i= J x (area) 


= —>——— for r<a 
2 sade 
(av = bA 


In the rectangular coordinate system, as shown in the figure, the 


a 
vector induction Bi becomes 
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A 
B o ——F-B, ==. (3) 
HRSA DEE aie Ne TETENG 
> RS j A i 
We have assumed that the current in A is directed into the paper. 


Similarly, we can get the expression for B, produced by the 


2 
current in the wire B 


AM a! 
BE for r'= Je- c) +y <b (4) 
2ra“ -b ) 
u Ib 
eter toi (5) 


Sart - ee 


a 
and the vector induction B, is 


> : A 
B.=-B y A x-c¢ 


A 
2 2) EEE 2 7. 
(x - e)? ue Vox - ae ay 


The actual magnetic field B is the sum of Br and B,: 


(6) 


B-B +B 
Ses 9 


By Boy Bix B,(x - c) 
Į 2 ^ 
T E A E AE A 


TE A ON pe ol NRS i. 
ene O oe ee i ee 


In the region r> a, we find 


Sil 


AN uo aa be A xa? b (x ANNA 
AE SA EEE coe o z a 
PA a EE E o) Rena (x)= co) ty x +y (x -c) +y 


In the region r'<b (and r<a), we find 


uI 


4 A 
B=——3—>(y - y)x + (x - c) - x9) 
2r(a -b ) 
aoe: a 
3 Teg om 
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In the region r'>b but r<a, we find 


fil ak 2 rae A 
= 2+ ly -Hoh &- peo) iy. 
Qnrl(a éb) (x-c) +y (x-c) +y 


(VIII-1) The effect due to the self-inductance of the loop is 
negligible since 1074 sec is a long time here and the magnetic field 
due to the loop is negligible compared with the external field. 
Therefore we can take the current in the loop for t< 10 sec as 
constant which equals 0.1 amp. The forces exerted on the sides of 


the loop are 
-3 2 
F = IhB=10 ` newtons = 10 dynes (1) 


and the forces on the top and the bottom of the loop are zero, The 


impulse is then k 


Ne 2 Ee 
F= F At = 10° dyne x 10 sec 


Laon dyne-sec. (2) 
The impulse torque is 
A 
T = 0,02 dyne-cm-sec, (3) 


The moment of inertia of the disc is 


D/2 


= J) 


2 
phx” 2rxdx 2 z gm-cm . (4) 
The initial angular velocity is 


A 
h nm 0.02 77000 


CA Waa sec 
When the wire is rotating with angular velocity ô, the induced emf 
is §BhD cos 0. The induced current i is @BhD cos 6/R. The 


torque exerted on the wire by the field is 


Solution Set of Electricity and Magnetism 166 


2.2.2 
peeve) UW hCOR. Gia 
T, = ~DhiBe = R 8 


-4x 107%% cos § newtons-m 
= -0.4 cos 9 dyne-cm, 
Let Ciy be the angular velocity corresponding to the natural 


frequency of the pendulum, 


2T 
= 7 -0,628 3 
Te er 0 /sec 


Since by << Woe we expect the amplitude of oscillation A << 1. The 


equation of motion of the disc is 


5 2 
1§ + Woe = Ty 
or 
T 2122 222 
. 2 1 Bh D cos9» 32I o FLD TA ° 
+ =— = - 2 - = §=- 
9 08 I iz On ik 8 b (5) 
BRD 
where b= can ea 0.26 and we have assumed the small angle 


approximation cos 0 ~ 1. The solutions of (5) are of the forms: 


wit wt 
0 = Ae + Be 


where 


b +i an? - v? 
eines o 


pe Tabea. DA Soa aa ALR oe + P 
o, 3 0.13 = 0.6151. 


Using the initial conditions 9 = 0 and ô =i at t=0, we find 


=-A 
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or 
ce 0,013 
we === = -0,0106i (radians). 
w, -w_) 1,231 
Therefore 
S + i F z 5i 
we 0.0106[e° 0.13+0.615i)t _ Ri 0.13 0.615i)t,, 


0.0212e70° tt sin (0, 615t) 


u 


which shows the motion of a damped oscillator with amplitude 


poztze 9° tt, 


(VIII-2) The fact that the system has a resonant frequency at 1000 
cycles/sec suggests that L and C are in series. The condition of 
resonance is 

1 
LC: = aE 
R 


A 1 
24 ee (1) 
(an)? x 10° 


From the condition that 100 volts de gives a current of 0.1 amp we get 
R = — = 1000 ohms 


which must be parallel to L and C, The total impedance is 


Ze 1 ol? (2) 
2 
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where 


zi WCR 


ọ = tan . 
(w LC- 1) 


For M = 100 volts and w = 2r x 60, it is known that 


ee =lamp. Therefore 
Iz] = = = 100 ohms. (3) 
rms 


From (1), (2), and (3) we can solve for L and C. We find 


-5 = 
= 2.3.x 10 ~ farads and Lis 1.1 x 10 z henries, 


(VIII-3) Maxwell's equations in differential form are 
=o 20 (1) 


(2) 


(3) 


Sige anes 
vxH-=245E 
Q (ai 
Š 
of we - iwe 
EYG Ce ars Ë (4) 


where we have assumed the time dependence of fields is e ade 


Eliminating H or È from (3) and (4) we obtain 


i + 
vay x E HH o- inert (5) 
c 
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and 


> i sc. 
gxvx H=(o - iw) tH, 
Cc 


> > 
For a plane wave propagating in the x-direction, E and H are 


functions of x and t only, Therefore we have for (5) and (6) 


d E 
- at = SB (io + we)E 
dx oe 

aE, ii 
y BIE 

3 5 fio + we JE 
d x € 

aH oF 
Eo e + we)H 
a x C 

dH 
Tp = = ES (ig +we)H. 
dx c z 


The solutions to the above equations are of the form 


A= A, exp(ikx) 


where 


k=2 ue Th HE 
e w 


is the complex propagation vector. 


(VIII-4) The kinetic energy of the incoming particle is minimum 


when all the particles in the final state are moving with the same 


169 


(6) 


velocity, This is because, in this case, all the final particles are at 


rest in the center of mass system, Therefore the invariant mass of 


the final particles is just the sum of the masses of all the final 
particles: 
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x + ~5m. (1) 
M en re i at 


The conservation of energy and momentum can be written as a 4- 
vector equation: 


PERPA S PUE ROU P EP SRR 2 (2) 
pona dpe yg E o ES 


The squares of the 4-vector momenta are the invariants 


2 2 
PRT a Pa’ Paama 
and 
2 1 
s =- 3 
Ba Pec (3) 


where we have used the convention that c = 1, Squaring (2) and 


using (3) to simplify the result, we obtain 


2425 m =M? 


2 
+ 
bei mi p d 


where a is the total energy of the proton, We get 


or the kinetic energy of the incoming. proton 


K =E -m _ = 3752 Mev. 
p p p 


(VIII-5) The circuit equation for the system is 


LẸ+iR=v 


the solution of which is 


j= 


VEAR TE Jt 
RO F ) 
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where we have taken the initial condition to be i=0 at t= 0, The 
steady current is just V/R. The half time, t, at which the battery 
is delivering one-half its steady current, is obtained from the 


relation 


i- 1- e R/H 


Therefore 


L 


t= én 2. 


> ad 
(VIII-6) From the relation yx A =B, or 


dA dA 

ay a dz z 
dA 3A, 
ae = kx 
oz 3x 

oA. oA 

a a eS 

ox ay 


we get two possible solutions for the vector potential 
A He Li EAA 
A = (kxz, -kyz, 0) and A! =a +y )k 
which can be related through the Gauge transformation 
S 
Aa A’ + Kote - van therefore they are identical. 
From the equation 

+ 
"Vo =B 

3 
or - 22 = i nd -2-0 
òx ky. ay enas az 

we get the solution for the scalar potential 


= -ky + C, 
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where C isa constant, 
(x-1) The induction B at the edge is 


-3 webers 


tet 
Br amr ane meter 


The force on an electron at the edge is 
2 + + 

F=evxB 

or 


Wad 610 Nae x ao eo” 


-18 
=1.28x 10 newton (inward). 
Therefore the beam tends to shrink, 


(IX-2) Inside the space filled with electrons, Maxwell's equations 
take the form 


i2 B = 
it; v:B=0 


< 
x 

tes} 
u 


3 2 
TBO ele ENR 
9 (a 
R 
gia Ers 0, (1) 


: : . : we > 
Eliminating either B or E with the first and third equations in (1), 


we get the wave equation 


3 
ae E 
Cat ete ; + eun) ,( 70 (2) 
z A B 
or 
4u Ne? 
=k +pe—- 5 =0 (3) 
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-iwtti > > 
where we have assumed the form e vase for E and B, For 


u=1 and e =1, (3) takes the form 


ats us 

k = a(t 5 = (4) 
c w 

with 

2 4rNe 

P ray 


where op is called the plasma frequency, The index of refraction 


is defined by 
n=, 6) 
w 


From (4) and (5) we obtain 


For high-frequency w> w , n is realan the waves propagate freely 
P 
through the plasma, For frequencies lo er thau the plasma 
frequency w _, n is pure imaginary. The waves are reflected from 
p 


the upper atmosphere, 


(IX-3) Let us first find the equivalent capacitance, C, of the 


System, Since Cos C3 are in series, we have 


-E 

S53 Cy C3 

where C33 is the equivalent capacitor for Cy and Cy and since 
Cpg and C, are parallel, we find 


C= 
Cog + Cy 
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£265 


OT E 


The electrical energy stored in the network is 


1 
NE RETETE +O )V 


(ce 9 t Calg + CyCQIV 


2(C, + C3) 
-5 
(x-4) 10 ` mm of Hg. 
(x-5) 
a. For 0<t< ty the velocity of the loop is just that of a free 
falling body, i.e., v= gt. The velocity at t=t 


1 $8 


v = gt, =v 2hg. 


b, For ty Sts ta the induced emf in the loop is 


where A is the area of the loop in the region y< 0, The induced 


current in the loop is 


I=- HE (clockwise). 


The magnetic force on the loop is 


2 2 
F = WIB = = (upward). 


The equation of motion is 
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BW 


mv = mg - R 


from which we find 


c., For ty <t, the only force exerting on the loop is the 


gravitational force, The velocity of the loop is 


R Rg, an (to-t)) 

ves E + (gt - ee Felt- t). 
22 EATE 2 
w BW 


d. If the wire used in making the loop is N times larger than 
that used in the above case, we have the relations R' = NR, 
W'=NW, and m' = Nm. Substituting R', W', and m' into the 


above equation we find 


m'R' _N°mR _mR 
2 ’ 


wy)? aw)? w 


therefore 


at and v! =v, for títt 


1 oM 1 
and 
new? 
mR Re. mR tt) 
vi = SS + (et, e T =v for t,<t<t,. 
BW A E 


Therefore the motion is not affected. 
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(x-6) 


If the plane is replaced by a point charge -q located on the 
z-axis a distance d beyond the plane, the potential at the plane due 
to these two charges vanishes. The potential at infinity would also 
be zero since the two charges are finite. Therefore the potential due 
to the new system satisfies all of the boundary conditions of the old | 
system and at the same time it is the solution of the Laplace 
equation. Since the solution of the Laplace equation with given 
poundary conditions is unique, we see that the field on the right side 


of the plane is the same as that produced by the two charges. We | 
have 


E RUBS TL: es ES = 


PENS TN e ADRA 
aTe | |z- ay ee 4me Ka aye +r? 


The density of surface charge, derived from Gauss! law is 


for z> 0. 


Eee 
(0) €o az 


z=0 
or 
-qd 


o=— 3 3373" 
onde eC 


(IX-7) The total energy of the system is 
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where A = im’, x=0,0lm, = = 10° volts/m and e = 8.8 x 107? 


farads/m, The changes in electrical potential energy when x is 


increased by dx is 


dw = $eEAdx, 


Since the mechanical work done on the field must eq ial the increase 


in potential energy, we get 


Fdx = eB”Adx 


and then 
R- E'A 
2 
1 
=3% 8.8 x 10 Z x (10°)? x 1 


SAE 10°” newtons,. 

b. According to Gauss's law we have 
=e E 

o 


= 88x10 AO 


= 8.8 x10" ceduli mas, 
(X-1) 

a. Copper is a normal metal; the conductivity increases as 
temperature decreases. The cause of the increase in conductivity is 
that when temperature decreases, the thermal energy of the electrons 
and the atoms in the metal decreases. Therefore the number of 
collisions between electrons and between electrons and atoms 
decreases. Thus the current encounters less resistance and 
conductivity goes up, 

b. Niobium is la superconducting metal; the conductivity 


becomes infinite as temperature goes below the transition 
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temperature To A simple explanation of superconductivity is that, 
below a certain temperature, the electrons in the niobium are locked 
together through the interaction with phonons. Since the electrons 
move collectively, the collisions between them are negligible. Thus 
the current will not be attenuated by a large number of collisions 
which convert the electric energy into heat ina nonsuperconductor,. 
c. Germanium is a semiconductor. At low temperature most 
electrons are in the low energy states, and the mean binding energy 
becomes much larger than the thermal energy (3/2kT). The number 
of conducting electrons decreases; therefore conductivity decreases 


as temperature decreases, 


(X-2) 
| F 
B X 
© 
a. Calculation is similar to problem (VII-1): 
u 
o 20 - 
L =m” EI 1.4 x 10 a henries, 


b. As shown in the above figure, the force on the outer 
conductor is in the radical direction, The force tends to burst 
apart the cylinder, The general rule is that when the system is 
connected to an energy source (e.g,, a battery), the potential energy: 
as well as the self-inductance L (since V = zur), tends to 


increase, 
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(X-3) 


As far as the field in the first quadrant is concerned, the two 
conducting planes can be replaced by three point charges as shown in 


the figure, The electric potential in the first quadrant is, 


Vix, y) = Q( - l + 5 
rane E | Grae 
= 1 EE ASEN ANE DE 


V +a? Nerd +G- 8" 


and V(x,y) = 0 elsewhere. 


(X-4) 
a, According to Ampere's law, we find the magnetic field to be 


pe, (1) 


where N/s = 10,000 turns per meter and i=100 amp. Therefore 


af -1 
47 x 10°" x 10, 000 x 100 = 4r x 10 


B= 
= 1,257 webers/meten 4 (2) 
b. The total flux across any section of the ring is 
= 2 -5 
@ = BA = 1,257 x [F(10 Ba one x10. (3) 


The self-inductance is 


4, 2 -5 E 
L-Ne . 10 (r x1 haere 
10 
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z 10? henries. (4) 
c. The induced emf is 


ete -L=. (5) 


The electrical energy needed to build up the field is, 


t i 2 
E=- J eidt = Gwe idi = H. 50 joules. (6) 


d. The energy in the magnetic field is 


2 -1\2 2 
poB a EO DE x 1078 x 1 =F x 10 
Ho 8r x 10 
~ 50 joules. 


(X-5) The initial charges on the two condensers Ce C, are cy 
and C, V respectively. After they are connected, the total charges 
of the two condensers, Qp is (C, Cy)V. The final charge on Cy 
is 

CERU vc, 


$ 2 
c tC, 


and the final charge on Cy is 
(C, = CVC, 


CRE Ga 


The electrostatic energy before connection is 
1 2 
PA + 
E 3(C4 C)V ; 


The electrostatic energy after connection is 


2 22 
ei Q; Ee Y 
T o O E E CEE E 
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Therefore the energy loss is 


2 


eres A RE, 
AE = E -ES ate, + Gy) ose ils lathe! fag ha al 
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HEAT, STATISTICAL MECHANICS, AND OPTICS 


(1-1) (5 points) Estimate the specific heat of a one-cent coin. 


(I-2) (5 points) Estimate the extent of polarization of atomic hydrogen 


in the earth's magrietic field at Berkeley for S.T.P. conditions. 


(I-3) (10 points) The molecules of a gas have two states of internal 
energy with statistical weights gy 89 and energies 0, €, 
respectively. Calculate the contribution of these states to the 


specific heat of the gas. 


(1-4) (15 points) A transmitting antenna for radio waves of 5-m 
wavelength is located on the Cliffs of Dover overlooking the English 
Channel, 200 m above the surface of the Channel, An airplane flying 
just above the surface of the water 20 km away cannot receive signals 
from the antenna and thus does not reflect echo signals back to the 
transmitting site. Why is this so? At certain altitudes, on the other 
hand, the plane will reflect exceptionally strong echoes. What are 
these altitudes? (This physical effect was instrumental in the winning 


of the Battle of Britain), 
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(I-5) (20 points) It is desired to take a picture of a distant yellow 
object with a pinhole camera in which the distance from pinhole to 
film is D. Approximatély what should be the diameter of the pinhole 
if the picture is to be of maximum sharpness? In cameras of this 
optimum design and using a film of fixed speed, how will the 


exposure time for. the picture depend upon D? 


(I-6) (20 points) A one-liter bulb at room temperature contains 
hydrogen gas at a pressure of 1074 Torr (ive., 104 mm of Hg). At 
a given instant, t= 0, a filament of area 0,2 re is suddenly heated 
to incandescence, Under these conditions, hydrogen molecules 
striking the filament are dissociated, Neutral H atoms so produced 
stick to the walls of the bulb when they strike there. Approximately 
how long is the mean free path for hydrogen molecules at the starting 
pressure? Derive an expression for the pressure as a function of 
time, t. How long does it take for the pressure to drop to a value 
19! Torr. Neglect any changes in gas temperature induced by 


turning on the filament. 
(I-7) (25 points) The following data apply to the triple point of water: 


Temperature: 0,01°C 

Pressure: 4,58 mm of Hg 

Specific volume of solid: 1.0907 om®/g 
Specific volume of liquid: 1.0001 en TE 
Heat:of fusion: 80 calories/g 


Heat of vaporization: 596 calories/g 


“Sketch a P-T diagram for water which need not be to scale, but which 


should be qualitatively correct. Then consider what happens when the © 
pressure is reduced slowly from some high value upon an amount of 
pure water enclosed in a cylinder and maintained .at the temperature 
-1°C, Two phase changes will occur, Describe what these phase 


changes are and calculate the pressures at which they occur, 
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(1-1) (10 points) Numerical answers should be correct within one 


order of magnitude. 
(a) What is the number of nolesulds/em. Ofairvat S.T. P. ? 
(b) What is the mean free path of the Ny molecule in air at 
S$. Tap? 
(c) At what temperature is the root-mean-square velocity of 
the Ny molecule equal to the escape velocity from the 


surface of the earth? 


(11-2) (10 points) 
(a) What is the velocity of sound in Doat SET PeR 
(b) What is the efficiency of the most efficient cyclic heat 
engine operating between heat reservoirs at temperature Ti 
and T, where Tz T,? 
(c) Adiabatic demagnetization of a paramagnetic salt usually 


results in what physical phenomena ? 


(1-3) (10 points) 
(a) Describe the characteristics of a first-order phase 
transition in a substance. 
(b) What is the Boltzmann relation connecting the entropy of a 
system in a given state and the probability of occurrence of the 
state ? 
(c) The specific heat of copper is approximately: 
(i) 107? cal/gm° € 
Gi) 10°! cal/gm° C 
(iii) 1 cal/gm°C 
(iv) 10 cal/gm° C 
(11-4) (10 points) The equilibrium temperature of a 100-gram object 
is observed as a function of input power (see table below). Later 
the decrease in temperature is observed with no power input (see 
table on right). Assuming that all parts of the object are at the same 
temperature during the cooling, deduce the heat capacity of the object 


in joules/ gram? C. 
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Equilibrium temperature Temperature vs time at zero power input 


Temp. Power Time Temp, 
20C 0 watts 0 sec 40.00°C 
25° 1 50 35,74 
30° 2 100 32,39 
35° 3 150 29.76 
40° 4 200 27.68 
250 26.05 
300 24,74 
350 23,75 
400 22.95 
450 22.32 
500 21, 83 


(II-5) (5 points) N particles are distributed among three states 
having energies E = 0, E=kT, and E = 2kT, If the total 
equilibrium energy of the system is 1000 kT, what is the value of N? 


(II-6) (10 points) A piece of ice at 0° C and a. beaker of water at 0°C | 
are placed side by side in a small bell jar from which all air has been 
removed, If the ice, water, and vessel are all individually 
maintained at 0° C by accurate thermostats, describe the final 
equilibrium state in the apparatus if the system is kept at 0°C., 

Justify your answer. (The triple point of water is 0.0098° C and 
4.579 mm of Hg. The critical point is 374° C and 218 atmospheres. ) 
What is the final state if the temperature is not kept at 0°C and the 


system is thermally isolated? 


(II-7) (3 points) Estimate the minimum lens diameter required to 


resolve objects one foot apart at a distance of 100, 000 ft. 


(lI-8) (3 points) A point source of light is viewed thro igh a plate of 
glass. Does the source appear closer, farther away, or at the same 


distance? 
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(11-9) (3 points) A projector makes an image of a slide on a screen 
15 feet from the lens, If the l-inch dimension of the slide is 


magnified to 2 feet, what is the lens focal length? 


(11-10) (3 points) Where is the image located that is viewed in looking 


through a microscope? 


(II-11) (3 points) A monochromatic beam of light passes through a 
narrow slit and the Fraunhofer diffraction pattern is observed. By 
what factors do the intensity of the center of the pattern and the total 


energy transmitted change when the slit width is doubled? 


(I-12) (3 points) Consider Newton's rings viewed in transmitted and 
reflected light from a convex lens in contact with a flat glass plate. 
Is the intensity of the reflected fringe system more intense, less 


intense, or equally intense as the transmitted fringe system? 


(11-13) (3 points) Circularly polarized light is passed through a 
quarter-wave plate. What is the general polarization state of the 


outgoing light? 


(1-14) (3 points) A circular opening of variable radius R is placed 
a distance D froma screen. As the opening is enlarged from zero 
radius, for what radius does the intensity of light of wavelength à 


go to zero for the first time? 


(II-15) (3 points) A source and screen are fixed in place a distance 4 
apart. A thin lens is placed between them at a position such that the 
source is focused on the screen, For what ranges of lens focal 


lengths are there two, one, and no such position? 


(Il-16) (3 points) Give quantitative estimates for the magnitude and 


slope of the index of refraction curve for glass in the visible region. 


(11-17) (3 points) In question (II-16) a particular lens makes a 1/2- 
inch image of a l-inch source, The lens is now moved to the other 
position where an image of the source is in focus on the screen, 


What is the image size? 
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(I-18) (3 points) A star is viewed by eye at night. How large is the 


image formed on the retina? 


(I1-19) (3 points) For what position does a plane mirror produce a 


real image? 
(II-20) (3 points) What is the Rayleigh Criterion? 


(II-21) (3 points) Two thin lenses of focal length f are placed a 
distance 2 apart. Are there any values of 4? If so, what are the 


values of 4 that lead to a negative focal length for the combination? 


(III-1) (10 points) In the system shown in the diagram, rays from a 
point object are first deviated by a prism and then focused by a thin 
lens of focal length f. The prism is made of glass of index n and 


has a small angle œ (i.e., small angle approximations are valid). 


Prism Lens 


Object 


| | 
Puna ae L wae 


(a) Calculate the deviation angle of rays hitting the prism at 
nearly normal incidence (i.e., perpendicularly to one of the 
faces), 

(b) If the distances between object, prism, .and lens are as 
shown in the. diagram, locate the image position both along and 


transverse to the axis. 


(III-2) (10 points) A stack of N glass plates of refractive index n 


and thickness t are assembled with each plate projecting a distance 


S beyond the one following it: 
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ri 


The stack is illuminated from the left by light of wavelength }. 


Considering light coming from each step in the assembly, what is the 
condition for constructive interferenc® beyond the stack for small 
angles with respect to the incident beam? What is the order of 
interference for n=1.5, t=0.5 cmand } = 5000 A? Calculate 
the angular dispersion and resolving power for a stack of 40 plates 
of this index and thickness, assuming that the refractive index varies 
only slightly. 
(111-3) (10 points) Right circularly polarized light is passed through 
two identical quarter-wave plates whose optic axes make an angle 8 
with each other. The refractive index for the extraordinary rays is 
less than that for the ordinary rays. 

(a) What is the outgoing polarization state if 6 = 0° ? 

(b) for 8 = 45°? 

(c) for 9 = 90° ? 


(d) Would you say that the two quarter-wave plates are 
identical in their effect to a single half-wave plate? 
If any of the above answers is circular polarization, state whether 
right or left circular polarization, If any answers involve plane 
polarization, state the direction of polarization, (Note: In right 
circular polarization, the electric vector rotates clockwise as seen 


by an observer looking toward the source.) 


(III-4) (20 points) Suppose you are given the following unlabelled 
optical devices: 
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(a) Two linear polarizers 

(b) A quarter-wave plate 

(c) A half-wave plate 

(d) A circular polarizer 
Describe in detail how you would identify each of the elements without 
the aid of any other optical instruments (except a lamp and a screen), 


What if in (a) you had only one linear polarizer? 


(III-5) (20 points) Consider a sample of N magnetic atoms, each 
with spin 1/2, The system is known to be ferromagnetic at very low 
temperatures; thus as T> 0 all the spins are aligned. At 
sufficiently high temperatures, the spins are randomly oriented. 
Neglect all other degrees of freedom but the spin orientation. 
(a) Define the entropy of the system: 
(i) In statistical terms 
(ii) In terms of the specific heat and the (spin) temperature, 


(b) Show that the specific heat C(T) must satisfy the equation 


TOTT 
J, E raD kN gn 2 


irrespective of the details of the interactions bringing about 
ferromagnetic behavior, and irrespective of the detailed dependence 


SiC on T, 


(III-6) (20 points) A thin-walled vessel of volume V is kept at 
constant temperature T, A gas slowly leaks out of the vessel 
through a hole of area A into surrounding vacuum, Find the time 
required for the pressure in the vessel to drop to 1/e of its original 


value, 


(III-7) (10 points) The surface temperature of the sun is 
we = 5500°K, its radiusis R= 7 x 101? cm, the radius of the earth 
is r= 6.4 x 10° cm, and the distance between sun and earth is 


D=1,5x 1013 cm. Assume that earth and sun both absorb all EM 
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radiation incident on them, and that the earth is in a steady state with 


T constant. Calculate T from the parameters given. 


([V-1) (10 points) 
(a) A liter of N3 gas at atmospheric pressure and 0°C ina 
rigid cylinder is raised to 100°C by placing it in contact with 
an infinite reservoir at 100°C. What are the changes in entropy 
of the Ny and the universe? 
(b) Assuming that one wall of this cylinder is allowed to act 
like a piston, describe a means of raising the gas temperature 
to 100° C (with the final volume of 1 liter) such that the entropy 


change AS = 0 for the universe, (Gas constant 


RŽ% cal/ mole.) 


(IV-2) (10 points) Show how a third lens may be inserted in the 
optical instrument shown to increase the light-collecting efficiency 


without changing the image and object positions, 


waren chi we. AL ea 


Object 


F = 10cm F = 10cm 
Indicate the position and focal length of the additional lens, 


(IV-3) (5 points) Newton's rings are formed by reflection in the air 
film between a plane surface and a spherical surface of radius 50 o™- 
If the radius of the third bright ring is 0.09 cm and of the twenty- 
third 0.25 cm, what is the wavelength of the light used? 


Nl E cm, 
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(Iv-4) (15 points) Given a box of air with wall temperature Ti 
There is a small amount of water lying on the floor of the box, at 
equilibrium, The volume is vy and the pressure is Py: The 
volume of the box is now slowly increased, keeping the temperature 
Ti constant, When the volume has doubled to Vy = 2V the water 
on the floor has essentially disappeared, If PF 3 atmospheres 
and pais 2 atmospheres, what is the wall temperature T,? If the 
volume is doubled once more to V3 = 2V o» what will be the pressure 
Pa? If Vo = 44,8 liters, what is the mass of the water (liquid or 
vapor) in the box? What is the mass of air? 
(IV-5) (10 points) 
(a) Calculate the change in entropy when one mole of an ideal 
gas is allowed to expand freely into double its original volume, 
(b) What is the entropy change when one mole each of two 
distinct noninteracting ideal gases are allowed to mix, starting 
with equal volumes and temperatures P 
(c) What entropy change is there when the valve connecting two 
equal-volume and -temperature bulbs of the same gas is 


opened? 


(IV-6) (20 points) Suppose right-handed circularly polarized light 
(defined to be clockwise as the observer looking toward the 
on-coming wave) is incident on an absorbing slab. The slab is 


Suspended by a vertical thread, The light is directed upwards and 


hits the underside of the slab. 


(a) If the circularly polarized light beam has 1 watt of visible 


light of average wavelength 6200 A, and if all of this light is 


absorbed by the slab, what is the torque, +, exerted on the 
slab? (Give the answer to (a) in dyne-cm and the answer to the 
remaining parts in units of t.) 


(b) Suppose that instead of an absorbing slab you use an 


ordinary silvered mirror surface, so that the light is reflected 
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back at 180° to its original direction. What is the torque now? 
(c) Suppose that the slab is a transparent half-wave plate. The 
light goes through the plate and doesn't hit anything else. What 
is the torque? (Neglect reflections at the surfaces of the slab.) 
(d) Suppose the slab is a transparent half-wave plate with the 
top surface silvered, so the light goes through the half-wave 
plate, reflects from the mirror, and returns through the plate. 
What is the torque ? 

(e) The slab is a transparent half-wave plate. Above the slab 
is a fixed quarter-wave plate (i.e., not attached to the slab) 
silvered on the top surface so as to reflect light back through 


the slab, What is the torque exerted on the slab? 


(IV-7) (20 points) Give short answers: 
(a) A community decides to limit its population by requiring that 
couples stop producing children after their first boy is born. If 
51% of the children born are boys under unlimited conditions, 
what fraction of the children born under the limited scheme will 
be boys? Why? 
(b) Given an apparatus for emitting and detecting electromag- 
netic waves at all frequencies, design an experiment to deter- 


mine whether an object under consideration is a black body. 


(Ve 8) (10 points) A sample of protons (in some crystal) is ina 
uniform external magnetic field B, When the sample is irradiated 
by electromagnetic waves of suitable polarization, the maximum rate 
of power absorption (due to flipping of proton spins) occurs at a 
frequency of 100 Mc, What is the fractional polarization P of this 
sample of proton spins, with this field B, and assuming room 
temperature? Note: P is defined as N(up) - N(down) divided by 
N(up) + N(down), 


(v-1) (5 points) Sketch in Fig, 1 (roughly to scale) the specific heat 
for hydrogen gas. 
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1 10 100 1000 10,000 
°K 


(units) 


(V-2) (5 points) A 100-ohm resistor carrying a current of I amps is 
maintained at a constant temperature of 30°C by a heat bath, What 
is the rate of entropy increase of the resistor? 


joules/°K/sec 


4, 
(v-3) (5 points) At low temperatures, He is used as a heat- 
exchange medium, At similar temperature and pressure, would the 


heat exchange using He be smaller, the same, or larger? 


(V-4) (5 points) A gas-filled tube is whirled about one end with 
angular velocity w. What is the equilibrium density distribution in . 
the tube ? 

p(x) = 


(V-5) (5 points) A sphere (moment of inertia I) is suspended from 


a thin filament (restoring force C) in a gas at temperature T, 


What are the mean values for: 


2 HED: 
8 ae i aan 
If the pressure of the gas is now reduced to 10 Po 
a eas 
8 g2 


————_ 


AV-6) (5 points) What is the efficiency for a reversible engine 


Operating around the cycle illustrated? 
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$00 1000 
S (Joules/°K) 


n= 4 


(V-7) (5 points) It is desired to cool a gas by expansion through a 
porous plug. Should the initial conditions be chosen so that 


ah/8p),, is greater than, equal to, or less than zero? 


(V-8) (5 points) A particle undergoes Brownian motion in a gas at 
temperature T and pressure p. The mean-square displacement is 
inversely proportional to the viscosity, Will the mean-square 


displacement be smaller, larger, or remain the same if the pressure 


is halved? 

E pe 
d = d 
Po Oe econ, 


(V-9) (5 points) A radiation gas of temperature T fills a cavity of 
volume V. The system expands adiabatically and reversibly to a 


yolume equal to 8V, By what factor does the temperature change? 


Bia eens ala Oa 


(V-10) (5 points) A thermally insulated system consists of a mass 
suspended from a spring, initially displaced a distance A from its 
equilibrium position. The mass is released and gradually comes to 
rest due to internal damping. Does the entropy of the universe 


change? If so, by how much? 


aS = 
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(V-11) (5 points) Assume that the electrons inside a 1-cm cube of 
copper at zero °K behave like a completely degenerate Fermi gas. 
Indicate the characteristic features of the energy distribution 


expected for the electrons. 


dN/dE « 


E æ 
max 


(V-12) (10 points) Compute the minimum amount of work (joules) 
required to freeze one liter of water originally at temperature 
T=20 C. Consider the heat reservoir to be at 20°C. The heat of 


fusion of water is 80 cal/gm. 


(V-13) (15 points) Calculate the boiling point of water at an altitude 
of 1,000 feet. State clearly the steps in the calculation and the 
approximations made, The heat of evaporation of water at N.T.P. 


is 540 cal/gm. 


(V-14) (10 points) The specific heat capacities of liquid water and 
ice at atmospheric pressure and for several degrees Celsius below 


the ice point are given by the equations 
Brae’) = 4222 - 22. 6t 


oe) 2 2112) 4) tome 


in joules per kilogram-degree. What is the specific entropy in 


joules/degree for each system at -10°C? (Choose a convenient 


reference.) Which of these systems may be considered in the more 
ordered state? 


(V-15) (10 points) Two lenses, with focal lengths 20 cm and 30 cm, 


respectively, are separated by a distance of 10 cm. An object of 


5-cm length is put in front of the first lens perpendicular to the 


optical axis, The distance from the object to the first lens is 30 


em, Find the size of the image behind the lens system. State also 


whether the image is erect or inverted. 


Heat, Statistical Mechanics, and Optics 196 


(VI-1) (10 points) Interference fringes are produced by a thin, 
wedge-shaped film of plastic of refractive index 1.4. If the angle 
of the wedge is 20 seconds of arc and the distance between fringes 
is 0.25 em, find the wavelength of the monochromatic light incident 


perpendicularly on the plastic. 


(VI-2) (10 points) Two identical bodies of constant heat capacity Co 
are used as reservoirs for a heat engine. Their initial temperatures 
are Ti and T> respectively. Assuming that the bodies remain at 
constant pressure and undergo, no change of phase, derive an 


expression for the maximum work obt .inable from the system. 


(VI-3) (10 points) A cubical container, 1 cm ona.side, contains 
helium at standard temperature and pressure, Estimate, to within 
a factor of ten, 
(a) the number of collisions per second experienced by any one 
helium atom 
(b) the number of collisions that the atoms make with one wall 


of the container in one second, 


(VI-4) (LO points) In a perfect gas of electrons, the mean number of 
particles occupying a' single-particle quantum state of energy E; is: 
N, = “Fea (B=) 

e Hie ah 

(a) Obtain a formula which could be used to determine u in 

terms of the particle density n, the temperature T, and 

various constants, 

(b) Show that the expression above reduced to the Maxwell- 

Boltzmann distribution in the limit “ae << 1, where ìà is the 
thermal de Broglie wavelength, 
(c) Estimate the quantities in the inequality for the electron 
gas in a metal at room temperature, and show that Maxwell- 


Boltzmann statistics may not be used for that gas, 
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(VI-5) (10 points) The index of refraction n(w) of an ionized 
medium, for an electromagnetic wave (of angular frequency w) 
propagating parallel to a constant magnetic field, is given by 


K 


2 
BO To ee 


where K and Q are constants, and + refer to circular 
polarization in the opposite and the same sense, respectively, as the 
gyration of electrons in the magnetic field. Consider a slab of this 
medium, of thickness L, with the magnetic field normal to the 
slab. A plane-polarized monochromatic electromagnetic wave is 
normally incident on the slab. Neglecting reflection. from the slab 
surfaces, find the amount of Faraday rotation, i.e., the angle 
through which the plane of polarization is rotated in traversing the 
slab, in terms of the given constants. REE w sufficientlý large 


2 
that n, POs 


E 


(ii 


Magnetic field 


(VI-6) (5 points) While an aquarium is being filled with water, a 
Motionless fish looks up vertically through the surface of the water at 
a monochromatic plane-wave source of frequency v. If the index of 
refraction of the water is n and the water level rises at a rate 


dh/dt, calculate the shift in frequency which the fish observes. 


(VI-7) (5 points) A quartz crystal has indices of refraction 

n= 1.55379 and n_ = 1.54225 for light of wavelength 5829.90 A. 

. o ry . = 
How thick must a parallel plate of quartz be cut, with the optic axis 


Parallel to the surfaces, to make a quarter-wave plate? 
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(vI-8) (10 points) The resolving power of a Fabry-Perot 


interferometer is given by 
À mir 


ANE e 
where m is the order of interference and Bt is the reflectance of 
the mirrors (and a is not much less than unity). A gas laser has 
- mirrors at its ends and produces a spectrum of lines which are 
separated according to various orders of interference between the 
two mirrors. Assume that the laser is 30 cm long, and the 
wavelength is 6000 A. 
(a) Find the separation between two neighboring lines given 
out by the laser around 6000 A. 
(b) Calculate the reflectance of a' Fabry-Perot interferometer 
with 1,5-cm plate spacing such that this F, P. can just 


resolve the line spacing found in part (aj 


(VI-9) (20 points) Given the 3-media shown, an incident plane 
electromagnetic wave of intensity 1, enters normal to the interface 
from medium 1. 

(a) Find the intensity of the wave transmitted into medium 3. 

(Medium 3 extends indefinitely downward. ) 

(b) Find the intensity of the wave in medium 1 which returns in 


the direction opposite to the incoming wave, 


(VvI-10) (5 points) Considering the limitations imposed by diffractio™ 
calculate the greatest distance 2 at which the human eye can 
distinguish the two headlights of an auto, 


gz meters 
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(VI-11) (5 points) 
(a) For maximum polarization of light by reflection from a 
plane dielectric, what is the angle between reflected and 


refracted rays? 
(b) What is the angle between refracted ray and the normal to 


the dielectric surface? 


(VII-1) (3 points) A double slit is illuminated first by red light and 
then violet light. Which color gives the wider interference pattern 
beyond the double slit? 


(VII-2) (3 points) If an object is placed at the center of curvature of 


a concave spherical mirror, where is the image located? 


(VII-3) (3 points) In what plane is the E-vector of light polarized 


after being reflected from glass at Brewster's angle? 


({VII-4) (3 points) A beam of light, initially converging toward a point 
P, is made to pass through a plate of glass before reaching P, If 
the plate of glass is erected perpendicular to the axis of the beam of 


light, in which direction is the point of convergence shifted? 


(VII-5) (3 points) An object is placed on the axis inside the focal 


point of a thin, positive lens, Where is the image located? 


(VII-6) (3 points) Within a given order of a diffraction grating, which 


color (red or violet) is located closest to the next higher order? 


(VII-7) (3 points) For a thin positive lens, is the focal length for red 
light longer or shorter than that for violet light? 


(VII-8) (3 points) An object is placed on the axis outside the focal 


Point of a thin, negative lens. Is the image real or virtual ? 


(VII-9) (3 points) What type of aberration is present in lenses and 


absent from mirrors? 


(VII-10) (3 points) What types of phenomena provide direct 
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experiméntal proof of the transverse nature of light? 


(VII-11) (3 points) For maximal polarization by reflection, what is 


the angle between the reflected and refracted rays? 


(VII-12) (3 points) For a given thick lens, what condition must a ray 


not parallel to the axis satisfy to go through the lens undeviated? 
(VII-13) (3 points) What is the range of frequencies for visible light? 


(VII-14) (3 points) A monochromatic beam of light goes from vacuum 
into a medium of refractive index n, What is the relation between 
the frequencies of the incident and refracted waves? What is the 


relation between their wavelengths P? 


(VII-15) (13 points) A paperweight in the form of a glass hemisphere 


is placed, flat surface down, on a page of a book, Calculate the 


position and magnification of the image of the type at the center of the - 


flat surface of the hemisphere, Illustrate this result with a ray 
diagram, using an arrow to represent a letter of type on the page of 


the book, Take the index of refraction of the glass as 1.50. 


(VII-16) (15 points) The diagram ehows a double slit experiment in 
which monochromatic light of wavelength \ from a distant source is 
incident upon two slits, each of width w (w <<), andthe 
interference pattern is viewed on a distant screen, 

A thin piece of glass of thickness 6, index of refraction n, 
is placed between one of the slits and the screen, and the intensity 
at the central point C is measured as a function of thickness 6. I 
the intensity for ô = 0 is given by 13: 
(a) What is the intensity at point C as a function of thickness 
6? 
(b) For what values of 6 is the intensity at C a minimum? 
(c) Suppose that the width of one of the slits is now increased 


to 2w, the other width remaining unchanged, What is the 
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a 
feat 
intensity at point C as a function OLO? 


Assume that the glass does not absorb any light. 


(VII-17) (20 points) Sound velocity is about 330 m/sec. Consider a 
whistle that emits a steady note at 3300 cps. Far from the whistle 
is a circular slab of perfect sound-absorbing material, of diameter 
2m. The slab is oriented perpendicular to the direction from 
whistle to center of the slab. 

If your head is behind the center of the slab, you cannot hear 
the whistle. If you go very far downstream from the slab and locate 
your head so that the slab "hides" the whistle and is centered on line 
of sight from you to whistle, you might think you could not hear the 
whistle. Instead, if you are far enough downstream, you can hear 
the whistle as plainly with the slab in place as with the slab removed, 

(a) Why is that? (Note: Neglect effect of ground, of buildings, 

treea, etc, Let the whistle be in free space--but in air, Both 

you and the slab are suspended in free air by balloons or 
something. ) 

(b) In as simple a way as possible, derive a formula that you 

then use to answer the following question: about how far 

downstream (in meters) from the slab must you be for the 

insertion of the slab to reduce the sound intensity by about a 


factor of 2? We want to know this distance only to within a 


~ 


factor of 2. 
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(VII-18) (10 points) A laser beam (A = 6000 A) on earth is focused, 
by a telescope of lens (or mirror) diameter 2m, ona crater on the 
moon (distance 400, 000 km). How big is the spot on the moon? 


Neglect the effect of the earth's atmosphere. 


(VIII-1) (5 points) A gas of molecules of mass m is enclosed ina 
stationary tank. Suppose the gas to be in equilibrium at the absolute 
temperature T. If Mi denotes the x-component of the velocity of a 


molecule, find the following mean values: 


: 2 3 
Veto AN te leva 


(VIlI-2) (5 points) In the Millikan oil drop experiment, the terminal 
velocity with which the oil drop falls is inversely proportional to the 
viscosity of the air, If the temperature of the air is raised, does 

the terminal velocity of the drop increase, decrease, or remain the 


same ? 


(VII-3) (5 points) Fifty grams of milk at temperature Ty, are 


slowly poured into 250 grams of coffee at temperature T Assume 


tos 2° 
the specific heats of both liquids to be the same as that of water. 
What is the final temperature Ta after equilibrium is reached? 


What is.the total entropy change AS? 


(VIII-4) (5 points) An ideal monatomic gas is compressed (no heat 
being added or removed in the process) so that its volume is halved. 


What is the ratio of the new pressure to the original pressure? 


(VIII-5) (5 points) The molar specific heat C of electrons ina 
metal is given by C=yT, where T is the absolute temperature 
and y is a constant. What is the contribution of these electrons to 


the molar entropy of the metal ? 
S= 


(VIII-6) (5 points) The motion of atoms in thermal equilibrium at 
absolute temperature T produces a Doppler shift in the frequency of 
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an emitted spectral line. If Y is the z-component of the molecular 
velocity and vk is the intrinsic frequency of the line, then the 
observed frequency is given by v = voit at; yol c). What is the 
observed mean-square line width? 


2 
(v-v) = 
o 


(VIII-7) (5 points) A solid of density 0} melts at pressure p and 
absolute temperature T to form a liquid of density 5: The latent 
heat of melting per gram of solidis L. Find the change of entropy 
AS and the change of internal energy AU resulting from the melting 


of a gram of the solid. 


AS = JA gaan 


(VIlI-8) (5 points) An atom can be in each of two quantum states 
separated by an amount of energy E. Make a qualitative sketch of 
the specific heat C ofa collection of such atoms as a function of 
absolute temperature T. Be sure to indicate correctly what happens 


in the limits of T+ 0 and T+ >, 


(VILI-9) (5 points) Consider an ideal gas of diatomic rigid (i.e., 
nonvibrating) molecules, What is the molar specific heat of this gas, 
taking into account quantum mechanics (a) in the limit of "ow" 
temperatures and, (b) in the limit of "high"! temperatures. (You must 


interpret for yourself the meaning of "low"! and "high."') 


(VIII-10) (5 points) Let E(,)dh be the radiation emitted per second 
by a black body in the wavelength range between ) and A t dà. The 
graph shows a plot of E(A) vs , for a temperature of 200°K. On 
the same graph, draw a plot of BQ) vs 4 for sT = 1000°K in | 


reasonable proportion. Let 4% denote the wavelength. 
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(VIII-11) (20 points) 
(a) Calculate the maximum work in joules obtainable from a 
heat reservoir consisting of 200 kg of iron heated initially to a 
temperature of 1500°C, using the ocean, at 12°C, as the 
second heat reservoir, Assume that the specific heat capacity 
of the iron is constant and equal to 0.60 joules/gram-deg. 
(b) Calculate the entropy change of the universe in this 


process, 


(VIII-12) (20 points) 
(a) A half-silvered mirror will reflect half the incident light 
and transmit the remainder, Suppose the light is plane- 
polarized so that the incident electric vector lies in the plane . 
of the mirror, Calculate the phase changes appropriate to the 
reflected and transmitted components, (Assume mirrors of 
zero thickness, ) 
(b) A monochromatic coherent light beam, polarized as above, 
originates at A and passes through a rectangular array of 
mirrors, Mirrors C and D are totally reflecting, while B 
and E are half-reflecting, The optical lengths are chosen so 
that total destructive interference occurs at G, Conservation 
of energy requires that there be total constructive interference 


at F. Show that this actually occurs, 


% 
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(VIII-13) (10 points) Rays from an object immersed in water 

(n= 4/3) traverse a spherical air bubble of radius R. 
(a) Locate the image of an object which is very distant from 
the bubble (i,e., X=% on the diagram). State whether the 
image is inverted or erect, real or virtual. 
(b) Repeat part (a) for an object located at the left bubble 
surface (i;e,, x=0 onthe diagram), Consider only rays 


close toa diameter of the bubble. 


D 


Observer 


Bubble 


Object 


SOLUTION SET OF 
HEAT, STATISTICAL MECHANICS, AND OPTICS 


(I-1) The main point of physics here is the fact that at ordinary 
temperatures copper obeys the law of Dulong and Petit, i.e., the 
molar heat capacity is 3R = 6 cal/mole-deg. 

The atoms of copper vibrate in three dimensions about 
equilibrium sites. Since the potential energy of the atoms is 
quadratic inthe x, y, Z displacements from the equilibrium 
positions, and since the kinetic energy of the atoms is quadratic in 
dx/dt, dy/dt, and dz/dt, there are six degrees of freedom. The 
frequencies of vibration are such that kT >> hw, so that the 
classical law of equipartition of energy holds for each of these 
degrees of freedom, and the molar heat capacity is © R) = 3R. 

Specific heat is strictly heat capacity relative to water or heat 
capacity per gram, since the heat capacity of water is by definition 
one calorie per gram degree. Thus the mass of the one-cent coin 


is irrelevant, but the atomic weight „of copper is relevant. 


1 mole 


~ 3R(calori d ——— 
cg (calories per mole care) x Ge. > oa 
i Oris calories 
63.5 *” ‘gram-degree * 


(I-2) This $s an order-of-magnitude question, The extent of 
polarization will be of the order of uH/kT, where uy is'the Bohr 
magneton, A simple Boltzmann factor argument shows that the 
percent polarization is, in fact, 100 uH/kT. 
Most physicists remember that the Bohr magneton 

a TO emu, which is easily computed from \ = eh/2me, The 
earth's magnetic field is about 0.5 gauss, Thus at Sp tek ss 

. UH/kT ~ (10729)(0.5)/ (1.4 x 10°” (273) ~ 1077 so that the 


polarization is very small indeed, 
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(I-3) The formal means of solving this problem is to form the 


molecular partition function 
= + 5 
Z gy 83 exp(-e/kT) 
and to use the formula which relates the internal energy to the 


partition function. However we will give a solution which requires 


only the use of the Boltzmann factor. Let 
n, = number of molecules in state 1 


1 


ny = number of molecules in state 2 


then 
n g 
2 2 
a = Rae 


If we consider one mode of gas then ni a ng = N = Avogadro's 


number, Solving 


ts ep 
€ a) = emp teeyiee) 
1 8; 
or 
n, = N 
qk -e/kT \ 
a 
g 
N2 e E/KT 
g 
D sal 
2 g i 
EEA 
81 
89 -e/kT 
Ne== s 
U a 
=e. tne, 7, 
i 
nt 1 1 2 2 83 -e /KT 
L+—e 
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then the molar specific heat at constant volume is 


oust 
(CDint ST v 
ul g 
e INS am [ET’) 
81 £1 
EE o 
paa EJET a Di e/kT, E) 
E1 By kT 
83 -e/kT 
Cini S) 
ey 
Ne? 82 -e/kT Ne +e/kT 
3g, 182° 
pe ea kT 
7 kT 2 
a Manoli Ga + g3) 
g 
1 


2 


% RRI 


When the plane is very near the water, it receives a direct 
wave plus a reflected wave of the same path length. (In the above 
figure, the plane is shown a little bit above the water to prevent the 


two paths from being completely superposed,) Since there isa 
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phase change upon reflection, at grazing angle the direct and 
reflected waves cancel and no signal is received, 

For a sufficient height above the water, a path difference of 
,/2 between the two waves will occur and we get a maximum signal, 
Similarly, when the path difference is (n+ 1/2) (a= 0, 1, 2, etc.) 
there will be maxima, For a path difference of (n + 1/2), we find 
(n+ 1/2), = 2H sing or H+h=dsin@ = (n+ 1/2)d\/2H, Here 
\d/ 2H = (5)(2 x 107)/2(200) = 250m, Thus maxima occur at heights 
of h = ((3/2, 5/2, etc.) x 250 - 200)m. 


(I-5) When the pinhole is quite large, a point on the object is imaged 
as a geometrical shadow of the front of the camera or as a disc of 
diameter d, the diameter of the pinhole. When the pinhole is quite 
small, the image of a point on the object is a diffraction disc of 
diameter — 2 x (1. 22) ~2.4\/d or linear diameter Z 2,.4\D/d. 
Since we want to minimize the size of this image disc for maximum 
sharpness, the best pinhole size will be near that which makes these 
discs equal in extent or 


d= 2. ai? or d=N2.4\D. 


The light falling on the pinhole is proportional to its area or to 
2 Ma | 2 
df, The area of the image of the object is proportional to D. Thus 
L, the light per unit area on the film, is proportional to 


<= S ha 
2.455 =2.4 He: 


A. 
D D D 
The exposure time iş reversely proportional to L or directly 
proportional to D, 
(I-6) The mean free path is given by À=% 1/nS where 
Ans ser E m a ane = 2 ae cross section. Here | 

12 

n = (10°4/760)(6.0 x 10°>/22.4 x 10 3). 3,83 x10". A good 
estimate for d would be 4 times Bohr radii or 2 x 10. cm. 
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Combining these quantities 


N= 1/ (8.5 x 10 mx 107°) = 230 cm. 


This shows that the atoms of active H travel directly to the walls 
after dissociation without striking other molecules first. The 
“pate-limiting step" is thus the dissociation at the filament. 

The rate at which molecules strike the filament is 
(1/4)nvA, where the mean molecular speed V= (ERT/ TM). 
Thus 
d nv) jet nvA or n=n eae a 
dt 4 o 
where. V is the constant (1-liter) volume. Since the pressure is 
proportional to n, the above equation becomes 


a Al avit 
o 


The decline in pressure is exponential. The pressure drops by a 


factor ten when 


cGy ANY gin on) <a 1 


or 


. 


Ae 4v 
= (0,4343)vA * 


3 
Using V= 10 Eei A= EAEE and 


7 
- 8 
aie {i )(8, 31 x 10 )(300) = 108 x 10° cni 
T(2) sec 


we find 
(4)(10°) 


t= + 
(,4343)(17.8 x 10 )(0.2) 


= 0.26 sec. per pressure drop by factor 10. 
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For a pressure reduction by 10°, t = (3)(0.26) = .78 sec. 


(I-7) The P-T diagram for water is sketched below. The melting 
curve has a negative slope and there is a discontinuity of slope at 
the triple point between the sublimation and vaporization curves, 


Both of these effects can be understood from the Clausius-Clapyron 


equation: 
aP ols 
a NV 


The melting curve has negative slope for water because the volume 
of the solid is greater than the volume of the liquid. The slope of 
the vaporization curve is less than the slope of the sublimation 
curve because the latent heat is less for vaporization than for 


sublimation by the latent heat of melting. 


P 


Liquid 


The process described in the problem is the vertical track 


going downward on the diagram through points A and B. At point 
A solidification of the high-pressure liquid occurs, At point B 


vaporization of the solid occurs. 


To calculate Py we must reckon the change in pressure of the 


melting curve for a reduction in temperature of 0. 99°. 


7 
aP L  (80)(4.186 x 10 ) iea deen 1 a) : 
T TAV ~“ (273)(1. 0001 - 1.0907) acto eea 


= -134atm/ deg. 
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Thus 


PANT P(triple point) + (134)(0. 99) 


= P(triple point) + 133 atm 
= 134 atm. 


To calculate Py we must reckon the change in pressure of 
the sublimation curve for a reduction in temperature of 0.99. For 
simplicity, we will assume this vapor obeys the ideal gas equation 


PV =nRT. Therefore 


760 
Vapor ali % wagi 58 


aea) 
5 
= 2,06 x 10 eas 
and 


dP _ (80 + 596)(4, 186 x a R 1 mm of Hg 


dT (273)(2.06 x 10°) “Ud 388)(980)dyhe/ em. 


= 0.378 mm of Hg/deg 


from which we find 


Py = P(triple point) - (0.378)(0.99) = 4.58 - 0,38 = 4,20 mm of Hg. 


(II-1) 


N 23 
On. 6 02% LO: 
By tt genie mn em kaot A enlem. 
o 22.4 x 10 


2 
b. mean free path L = 1/1mo , where o is the diameter of the 
Ns molecules. Since 


or 3x10" em 


then 
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1 E, 
Tx 3x 10) eae 1078)? 85 x 10° 


L = 


Pons 2) X 1078 cm, 


c. The mean kinetic energy of one Ny molecule is 
2. 
5m<v > 


which should equal to (3/2)kT. We have 


1 2 3 
=m< Ss 
gm<v> 5 kT (1) 
or 
ey = 3kT x $ (2) 
m 


y 
The work done to the earth gravitational field when a particle 


: escapes from the surface of the earth is 


work = potential difference x m = cag | PE] 5 dr (3) 


mgr 
gr, 


where r is the radius of the earth. Using (1) and (3) we find the 
o 


condition for the Ny molecules to escape from the surface of the 


earth is: 

3 

okt = mgr) 
or 


Pe _ dees fie sistat 
he 3R Bx 8.31 x 10" 


~ 140, 000°K, where M= 28 gm is the molecular weight of No. 
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(1-2) 


a. The velocity of the sound in air is 


YRT 


y= M ’ 


where M is the mean molecular weight of air ~ 29 gm, 


R= 8.31% 10" ergs/mole and T = 273°K 
from which we find 
V ~ 331 m/sec. 


b. Efficiency = (T, - T,)/T, with T] > Ty. 


c. The temperature of the system drops to a very low value 
~ 0.01°K. 


“(1-3) 


a, Let g,(P,T) and g,(P, T) be the Gibbs function for the two 
phases of the substance. In the first-order phase transition, the 


following properties hold: 
g,(P,T) = g,(P, T) 
but 


ag, (P, T) dE (P, T) 
aT aT 


and 


ag (P, T)- ag,(P, T) 
sP aP 


where T and P are the transition temperature and vapor pressure, 


respectively. For a simple system which can be represented by P, 


xv, and T we have 
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dg = -sdT + vdP 
which implies 


ae 


ae oe 
T s and =P V. 


w 


Therefore we see that 
s4 # S, and v, F Va: 


b. s =k gn W where W is the probability of occurrence of the 
state. 
c. From problem (I-1) we know the molar heat capacity is 3R 
and the specific heat is 
3R -1 ‘oak 
v 63 gm-°c 
(Il-4) Let S(T) be the heat capacity of the object, W,,(T) be the 


input power, and W ss T be the heat loss per second as functions 


lo 
of the temperature T. At equilibrium, we have the relation 


Fit 5 Wea 


During the cooling, W, es) is relatedto S and T by 
o 


AT ; 
Iaa 1 
( it Wioss’? (1) 


where AT/At is the temperature change per unit time. Using the 
cooling data, we first plot both T and AT/At as functions of t 

(see the following plot). From these curves we obtain the value of 
AT/At corresponding to T = 25°, 30°, 35°, and 40°C, Substituting ' 
AT/At into (1), we obtain S(T) which is listed in the table below. 
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X 107? 


T 
2 
T 
4 
5 40 
30° S 
TCC) we 
10° | 
AT/At (°C/sec) 
100 700 300 400 500 
t (sec) 
W 
: aT yer 
BOMB ia Man A Wages At oF AT/At 
(joules/100gm-deg) 
25°C 1 0.026 38 
30° C 2 0. 046 43.5 
35°C 3 0.072 41.6 
40°C 4 0.097 41 


It is trivial to divide the above value of S(T) by the mass of the 
object (100 gm) to express s(T) in unit of joules/gm-deg. 


(II-5) According to Boltzmann distribution we find N; (Œ) is 
proportional to exp(-E,/kT) where N, is the number of particles 


in state i (i=1, 2, 3), Therefore we have the relation 
NE Nene (1) 


for E, = 0, Es => E=kT, and E, = 2E, Since the total number of 


particles is conserved, we find 
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N, +N, +N, =N. (2) 


(From (1) and (2), we obtain 


s =: — > 
(1+1/e+1/e) 
1 
(oe 
(l+1/e+1/e) 
and 
N 1 
n =———_—_+ 5. (3) 


(1+ 1/e+ 1/e) e 
The total energy of the system is 
E= EN} ot EN, a EAN. 


» — SET E+ 2/0”) 
1+1/e+1/e 


which is known to be 1000 kT. Therefore we have 


y = 1900(1 + eae) 


w 2400. 
= a 
e +32e 
(II-6) 
Use Gibbs’ phase rule f 
F=c-p+2 fis (1) 
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where F is the number of degrees of freedom, c is the number of 
components in the system and p is the number of phases. 

a. In this problem, the temperature is fixed at 0°C., We have 
lost one degree of freedom. With c=1, p= 2, and fixed 
temperature, we find F=1- 1=0. This means that the equilibrium 
state is just one point inthe p-T diagram which is determined by 
the pressure only, and in that state there cannot be more than two 
‘phases present, The initial vapor pressure is zero, From the above 
pressure-temperature diagram, we see both water and ice have to 
vaporize. The vapor pressure is thus increasing until it reaches the 
point A. The final state is that all the water has vanished; part of it 
changes into apor and the rest of it becomes ice. The final state of 
the system is at A inthe p-T diagram. 

b, If the temperature is not kept constant, i from the phase rule 
we fiyd p=3 for c=1 and F= 0, i.e., all three phases can 
exist simultaneously, The final state is the triple point. 


4-7) . The minimum angle of resolution for a circular lens is 


= 1.224; or d= ee 
d x 


Using \-= 500 A, x= 1 ft, and D= 100,000 ft, we get 
-5 5 ‘3 

d=1,22x5x 10 omy 10 ft/1ft—6.1 cm. 

(II-8) Closer, 


(11-9) The ratio of the image distance, q, to the object distance, 


p; equals the magnification factor which is given to be 24. 
Therefore we obtain 


Substituting the known values of p and q into the lens formula 
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(I-10) Usually it is 25 cm from the eye; this is taken to be the 


standard distance of most distinct vision. 


(Il-11) The amplitude at the center is proportional to the width of 
the slit. Therefore the intensity of the center of the pattern 
increases by a factor of 4, The total transmitted energy increases 


by a factor of 2. 


-(II-12) Since the reflectance of glass for normal incidence is small, ; 


h 


k 


the intensity of the reflected fringe system is less intense than that | 
of the transmitted fringe system. l 


(I-13) Linear polarization. 


(I-14) The intensity goes to zero when the radius of the opening 


corresponds to the radius of the second Fresnel zone. We have 
R=V2\D, 
(I-15) Using 1/p + 1/(s-p) = 1/f, we can solve for p: 


ee 4f 
p 31t Morela 


The conditions are: 
4< 4f; 4 = 46; and 4> 4f 


corresponding to 0, 1, and 2 real values of p, respectively. 
t- n dn ao A 
16)/n'= 1.5 “anda aae /A. 


t- x s = 1/2; thus 2q, +q, =£. 
a Py + ay sA aes v q,/P, = 1/2 y i 
erefore Pongu oa Uf weanoveso that: pie qer (Pen 


2 L i 
q = $4 x = 2. Thus M, x 1 inch = 2 inch, 
2" 34 and M, = q,/P, = 2 2 
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(11-18) The first minimum in the Fraunhofer diffraction pattern 
appears at 


À 
= 1.227; 


Therefore the diameter of the image of the star is 


5 Ayp = 2.4402 
d= 2x (1.22G)D = 2.4479 


where d is the diameter of the pupil and D is the image distance. 
If we assume that d= 5 mm = 0,5 cm and that D= 3.0 cm so that 
D/d=6, then | 


d= 2.44 x 6. = 14.6x 5x Moan = ts orem, | 


(1-19) For a virtual object behind the mirror. | 


(11-20) According to the Rayleigh criterion the maximum resolving 
power of an optical device corresponds to the condition that the 
principal maximum of a diffraction pattern of one point object falls 
exactly on the first minimum of the diffraction pattern of an adjacent 
point object. This is taken to correspond to the smallest angular 


separation the device can resolve. For the circular opening we find 


Í à 
9g = 1.223 


where d is the diameter of the aperture, 
(1-21) When f< s< 2f, the focal length of the system is negative. 
(il-1) 
a. By Snell's law we have 
sing, =n sin 8. (1) 


For small By and a, (1) becomes 


x 2) 
84 ny. ( 
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Similarly, 


=n}. (3) 


Using simple geometrical relations between angles of triangles, we 


obtain 


at+T-a=T7T or a=@ 


and 
a= (8, + 84) (4) 
and 
8 = (8, - 04) + (84 - 83) (5) 


From (2), (3), (4), and (5) we get 
§=(n- 1)a, 
which is independent of incident angle 9}. 

b. Let o! be the virtual position of the object viewing behind 
the prism, From part a, we see each ray is deviated by an angle 6 
after passing through the prism. 
From the attached figure we find that to the first order in a and $, 
the object distance does not change when the object moves from © to 


o', Substituting 
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Lens 


Object 


or the image distance along the axis 


q = 3f. 


The transverse object distance 00' is related to the angle 6 by 


222 


(6) 


(7) 


oo' = fô. The image transverse distance II' is simply related to 


SS as or It’ = -25 00! = -2f6 = -2f(n - 1)a 


where the minus sign means the image is below the axis. 


(IlI-2) The device is called a transmission echelon, which is 


similar to a grating. Let the phase change from one "slit" to the 


next be 6. We find 


AA: 27((n - cos §)t + s sin 6) 


For small 9, this becomes 


~ 2n((n - 1)t + s0) 


ô X 


where 9 is the angle of the refracted ray with respect to the 


(1) 
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incident beam. Using the formula for the intensity ‘of an N-slit 


grating, we obtain 


(2) 


where 


B=7s sin o “$ 80. 


The factor 
sin’ B 


Ra 


is due to the single "slit" diffraction, while the factor 


2 ô 
sin (N>) 
26 


sin’ = 
2 


represents the interference term for N "slits,'' When 
Se 0, T, 27, ..., we have constructive interference, i,e., 


(n= tt + 68) ae m= 0, 1, 2, 5 
i $ ud; vie 


or 


8 = (mi = (n - 1)t) oai maxima (3) 


Substituting 
980; n=1,5; +20,5em; and a= 50004 


into (3) we have 
1 J 
sm x 5x 107° - (0,5)") #0 


from which we find the order of interference is 
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m=5x 10°, (4) 


For small dn/d\, the angular dispersion 49/A) can be obtained 
directly from (3) 


oe Seni 
M ha ta 
pss (5) 
s 


The resolving power depends on the angular distance, A9, between 
the mth order of principal maximum and its nearest minimum, We 


find when 


i = (mr + ® 

the intensity becomes zero, using (1) we get 
@! = ey mì - (n- 1)t) minimum (6) 
m sN 


Using (6) and (3) we obtain the angular half width of the principal 


maximum 

(7) 

Let Oy 95 be the angular positions corresponding to the principal 
and @, are 


2° When 6 1 2 
separated by the angle A@ defined in (7), the two images are barely 


maxima of the waves of Ay and À 
resolved, Therefore we have 


-1A 
49 ~ (04 9 )= oN: 


2 


Using (3) we get 


1 ETE HR HOS 2th 
zm; (n - 1)t) smg (n If) == 


from which we obtain the resolving power 
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ee 
rks. Ah 
5 


~40x 5x 10°=2x 10°, 


= mN 


(III-3) The electric vector components for right circularly polarized 
light are 
E =E sinora oe 
To) aa 
x 
E =E sin (wt + 90° - w) 
o si 


2 is smaller than ny so ve is larger than Yor Let us define 
the optic axis of the first plate to be the X-axis. After the light 


passed through the first plate, the electric vector is 


a” « sin wt 


Bt) œ sin (wt + 90° + 90°) = -sin wt 
which represents linear polarized light. The polarization vector 
Makes 45° with the optic axis of the plate. 


a. For 9 = 0°, the electric vector after passing through the 


Second plate is 
(2) 
E si 
x Sin wt 
2 
BS ne sin (wt - 90°) = -cos wt 


It is left circularly polarized, 
b. For 9 = 45°, there is no relative change in the phases of 


ia and E , Therefore it is still linearly polarized just as when it 
‘merged from the first plate. 


c. For @ = 90° 


ph?) À 
x © Sin (wt + 90°) = cos wt 
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g? = -sin wt 
y 


It is right circularly polarized, 

d. Two quarter-wave plates are identical to a single half-wave 
plate only if 9 = 0. 

(111-4) 

a. Let § be the angle between the axes of the two polarizers. 
We can identify the two polarizers by the fact that, for an unpolarized 
light source, the intensity of light after passing through the two 
devices is proportional to nau? 8. 

b. Set the two linear polarizers in such a way that 6 = 90°. 
Light is totally attenuated by the system in this case, Then: 

c. Put one of the remaining three devices between the two 
linear polarizers, and rotate the device around the light direction. 
Let the intensity of the light after the first polarizer be Hie. Te 

i. The maximum intensity as seen from behind the second 
linear polarizer is 1/2; then the device is a half-wave plate. 

(This corresponds to the case that the half-wave plate makes 
45° with either of the two polarizers.) 

ii. The intensity after L-P-2 is constant and equals to 1/8; 
then it is a circular polarizer (since the intensity decreases by 

a factor of 2 at each of the three devices), 

iii. The intensity after L-P-2 varies between zero and 1/4% 
then it is a quarter-wave plate. (We get maximum intensity 
when the quarter-wave plate makes 45° with either of the two 
polarizers, Light is attenuated by a factor of 2 at each of the 
polarizers, ) 

d, If there were only one linear polarizer, we can separate 
the linear polarizer and the circular polarizer from the other two 
based on the property that either of the two polarizers reduces the 


intensity of the lamp light by a factor of 2 while the others do not. 
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Furthermore we can tell which is which by playing around with any 
one of the two plates put between the two polarizers until one of the 
following phenomena is observed: 
i. The system of one circular polarizer in front of a 
quarter-wave plate can serve as a linear polarizer, i,e., as 


shown in the figure below: 


Lamp Circular Quarter wave Linear 
polarizer plate polarizer 


‘ 2 T: 
The intensity at A varies as COS (6 + D when we rotate the 


§ is the angle between the axis of the linear 
Note that the 


linear polarizer. 


polarizer aad that of the quarter-wave plate. 


intensity at A does not change as we rotate the first (circular) 


polarizer. 

ii. The system of a linear polarizer in front of a 
quarter-wave plate serves as a circular polarizer when the 
quarter-wave plate makes + 45° with respect to the axis of 


the linear polarizer, 1.€.5 


E ae 


Linear Quarter wave Circular 
polarizer plate polarizer 


her 1 or 0 depending on the 


Lamp 


The intensity at B is eit 
arizer and the plate, ie., 


relative position of the linear pol 
or -45°, Note that 


whether the angle between them is + 45° 
the intensity at B is constant as we rotate the second (the 


circular) polarizer. 
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The system of a half-wave plate and any two devices of the 
rest cannot totally attenuate an initially unpolarized light. Therefore 


when we observe i and ii, we have identified these four devices. 


(III- 5) 


a, Entropy is defined in statistical mechanics by 


S=k” Ww(n,) 


where n is the average number of particles in the ith state and 
win,) is the number of ways the system can be produced 
corresponding to the set of n,» Tesla Paes dares Here 


N! 


Win) =—— 
In! 
io nln! 


where n, and ny ere the number of atoms with spin up and down, 


respectively; ny + no = N. Using Stirling's approximation 


im nl=nl(mn-1) for n>>1 


we obtain 
S=k[N & N - (nym n, +n, Mm na) -N + (n, +n) 
ei 
=-k nny hrs UA 
i 
n n 
ioe at 2 
k(n, an sp ty Mm ae. (1) 


Entropy may be defined in another way: it is found by 
experiment that if the heat added at each point of the path on any 
diagram is divided by the temperature T and the resulting ratio is 
integrated over the entire path, the integrated ratio is a constant. 


Since conserved quantities are of vital interest in physics, we define 


a, (2) 
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b. As T+ 0, all the spins are aligned. Therefore we have 


ny = N, n, = 0, and from (1) we find S5 =0. As T+», the spins 


are randomly oriented, i.e., ny = Ny. We have 


-kN ûn ny 
S =————_ = kN 2. (3) 
© N 


Using (2) and (3) we obtain 


s =l COAT = KN in 2. 


% 0 
(lI-6) Since the temperature of the vessel is kept constant, the 
mean velocity of the gas molecules, v, is constant. The projected 


mean velocity of the molecules is 


1 
7 n(v cos 6)d cos 8 v 
Fi Se 
T nd cos 6 


The number of molecules which pass through the hole with area A 


per unit time is 


_ an _nvA _ nvA (1) 
where n is the number of molecules left in the vessel and V is the 


volume of the vessel. The solution of (1) is ` 
= A 
N=ne a WEA, 
o EXP Gy). 


n 
Oo 


From which we find for n = = 


+e al _ [8T 
VA’ where v = Bee 


(H-7) According to the Stefan-Boltzmann law, the radiancy of a 


black body at temperature T is equal to 


ee 
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E(T) = kT" 


where k is called Botzmann constant. Using the inverse square law 
for radiation energy we find that the intensity of radiation from the 


sun on the earth is 

E ÉE’. 

The total radiation energy the earth receives is 

B, ÉE ar” a) 
which is assumed to be equal to the total Ehe earth radiates 


Bie ong (2) 


From (1) and (2) we find 


Ania Acne R if s? 
Ps T e oR ap 5482x 10 T 
or 

T~ 275°K 


which is ‘about room temperature, 


([V-1) From the first law of thermodynamics and the definition of 


entropy we have 


TdS = c ,íT + PdV. (1) 


a. The entropy change-of the Ny gas when temperature 
changes from 0° C to 100°C at constant volume is, 


Tec dT 
373 
= ; 2 
= Clin 575 0. 312C, (2) 


The specific heat for diatomic gases at room temperature is (5/ 2)R 
per mole, or for one liter of gas 
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Tig 1 cal 


30.4 7 9-223 Jeg-liter 


Substituting the value of Cc, into (2) we get 


AS. = 0.312 x 0,223 = 0.0696 cal/K. 
Np 


The entropy change of the reservoir at 100°C is 


CAT S 
AREEN _ 0.223 x (-100) _ _ P chs 
O yol T Dy 373 0 See ea i 


The change in entropy of the universe is of 


cal 
SING AS = oo =>. 
E Univ “NS 2 AS eservoir ae K 


b. If one wall of this cylinder is movable, we can first 
compress the gas adiabatically until the temperature of the gas 
increases to 100° C; then we bring it in contact with the reservoir 
and let the gas expand isothermally back to its original volume. 

There is no change in entropy when the process is adiabatic. 
Furthermore, since the change in entropy of the No gas equals 
Q/T, while that of the reservoir is -Q/T when the process is 
isothermal, the total entropy change of the world is zero. 


0+ Q/T + (-Q/T) =0. 


P 


(Isothermally) 


(Adiabatically) 


(Iv-2) 


Substituting p = 20 and f= 10 into the lens formula 
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T o 


we find the first image distance q= 20cm. The object distance for 


the second lens is 70 - 20 = 50 cm. The final image distance is then 
50/4 cm. 


Ray (1) 


12.5 cm 
20 cm 20 cm 50 cm 


If a third lens is put exactly at the position of the first image, 


the object distance of the second lens is unchanged, and the position 
of the final image is unchanged, In order to increase the collecting 
efficiency, f should be positive. 

In the above figure, ray (1) would be lost if the third lens were 


not inserted, The third lens is sometimes called "field lens" in 


beam optics. 
(IV-3) Substituting 


R = 50 cm, r3 = 0.09 cm and Pog = 0.25 cm 


into the formula for bright fringes 


2 
r 


ra iy Spe 
2gR +d) = (m tg 


where Le is the radius of the mth bright ring. For m= 3, we 


obtain 


, 9.0081 _ 7 


L 1 
2d 50 z` (1) 


and for m = 23, we ootain 
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0.0625 4 
Ae 


2d+—=5 7 (2) 


where d is some unknown constant which exists because the plates 
do not necessarily touch at the point of closest approach, Eliminating 


d between (1), (2), we obtain 


o 


ES 44x10? om = Bae 


(IV-4) 

a. Since both state 1 and state 2 are equilibrium states between 
water and vapor, at constant temperature Ty the vapor pressure of 
water, po which is generally a function of T only, remains 
constant. Let the partial pressure of the air in state 1 be po We 


have the following relations, 


= 1 1 
Pi Be pocne (1) 
p 
= 20 (2) 
Po Sea 5 2 


from which we find 
P= 1 and pa 2 atmospheres. 


Since De. equals one atmosphere, the water would be boiling if the 


total pressure were 1 atmosphere. Therefore we know 


T, = 100°c, 


= = y. = 1 atmosphere. 
b. If Vg = 2V Pg = PoVa/ V3 
c. Using Vo = 44,8 liters, Py =1 atmosphere, an 


17 100°C, we find 
_ 273 x 2 = 1,46 mole. 


The molecular weight of H,O is 18 gm while that of air is 29 gm. 


us d the mass of 
Therefore the mass of water = 18x Ty 7 20,28 em 


air=29yn = 42.34 gm. 
air 
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(Iv-5) 

a. The change in entropy is zero because the internal energy of 
an ideal gas is a function of temperature only. For free expansion of 
an ideal gas we have 
TAS = AQ =AU+AW=0+0=0. 

b. The entropy of one mole of ideal gas at given T and p is 
S(T, p) = tat T-R@&ptkK 


where K is a numerical constant, The entropy of a mixture of two 
ideal gases of one mole each, starting with equal volumes and 


temperature, is 


S(T. p) = C + Cpo” T- 2R m p' + 2K 


where p! is the partial pressure of either of the gases. Since the 


volume occupied by each gas has doubled, we have 


‘Therefore the entropy change is 


å 29 = p 
S19 25 = 2R n p 2R n 5 


= 2R n 2 
c, In the case of mixture of same gas p' in the final state 
equals p in the initial state; therefore there is no entropy change. 
(Iv-6) 
a. The energy of each photon of wavelength 6200 Ais 


E _ 2mhe 
~ 


~ 26V. (1) 


The total number of photons in 1 watt of light is 


n= l = 3.1x 10"°/sec (2) 


Y 5) ek to = 
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Since the angular momentum ofa single photon is 


E 


Ey tw 
Ww 


w 


Bs iS) 


the total angular momentum transferred per second is 


27 


= ae ay 102° Lia ux 10° dyne-cm (4) 


The direction is parallel or antiparallel to the direction of 
propagation depending on whether the photon is L.P. or R,P. 

b. Let R(L).P. stand for a right (left)-handed circularly 
polarized photon, The relative phase change of the electric vectors 
of light externally reflected from a denser material is 7. Therefore 
a R.P. photon before reflection becomes L. P. after reflection. But 
the direction of the angular momentum in space has not changed, 
Therefore the total angular momentum transferred per second is 
zero, 


c. A R.P. photon becomes L.P. after passing through a half- 


wave plate, The angular momentum transferred is twice as much as 


that in a. 


(5) 


d. A R.P. photon becomes L. P. after the half-wave plate. 


After reflection the L. P. photon is R,P. This photon becomes L.P. 


after passing back through the half-wave plate. Considering only this 


final photon and the initial photon, we find the angular momentum 
transferred is zero. 


e, 


i. R,P. photons become L. P. after the half-wave plate. 


ii. L.P. photons become linearly polarized after the 


quarter-wave plate. i 
iii. Linear polarized photons are still linearly polarized 
but, after reflection from the silvered surface, the polarization 
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direction is opposite to the original direction. 

iv. Linear polarized photons become L.P, polarized after 
passing back through the quarter-wave plate. 

v. L.P. photons become R.P, after passing back through 
the half-wave plate. 

As far as the slab is concerned, it receives one R., P., photon 
from below (the angular momentum transferred is #.)) and one 
L.P. photon from above ()) and it emits one L.P. photon upward 
(M) andone R.P, photon downward (7). So we have 
LaL- T- Te 4d 


= q, 
Te T 


(IV-7) 


a. The number of boys born is 


nye PHC- PPHU- PY P+... +(1- PPS... 
POA- Pye PY ed 


where P is the probability that a born child turns out to be a boy, 
P= 51%. The number of girls is 


n a(l- P) + E BY ceric 
Ca See ae wy ath ty ely 
Therefore the ratio of ng and DE is still P/(1 - P). 514 of the 
children born are boys. 
b. Let the apparatus 
i. Emit electromagnetic waves at a known frequency Vy 
toward the object, 
ii, Detect electromagnetic waves at several different 
frequencies Morieg + Av, M6 + 2Av ... from the object. 
iii, Plot the intensity of the detected waves against frequency: 


If the object is a black body, the intensity is a smooth function 
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of frequency. If the object is not a black body there will be a 
spike at the frequency of Vo This is so because the frequency 
of the reflected wave is the same as that of the incoming wave, 

iv. As a check, we can change the frequency of the emitted 
wave to Ww, + Av), If the object is a black body the detected 
spectrum is the same as it was before. If the object is nota 
black body, the peak of the spectrum will move to Wy + Av). 


This is the principle of radar. 


(IV-8) Since the protons are at thermal equilibrium, the distribution 


of the states is simply the Maxwell-Boltzmann distribution function: 


N(up) _ (Eup) - E(down)) 
N(down) ~ °*P KT 


iy Nřw 
= expt ae 


-34 8 
= exito mE 
"LERE 3x 4.18 x 300 


-6 
=KĶKæ1l+2.4x10 . 
Therefore the polarization P is 


N(up) - N(down) _ K- 1 


P= pe sia: 
N(up) + N(down) K+1 
Selec rey = 

(V-1) 
x) o 
§ 5 3k 
30a 
TER 
SE R 
s 1 10 100 1000 10,000 

TCK) 


At low temperature we find the total energy E aad heat 


capacity c, are 


Solution Set of Heat, Statistical Mechanics, and Optics 238 


E-ÊRT and c ==R 
2 v 


po] co 


corresponding to the three-component momenta that contribute 
quadratic terms to the kinetic energy of the molecule, The 
vibrational and rotational motions are forbidden because the thermal 
energy kT is less than the energy difference between the first 
excited state and the ground state. As temperature increases, 
rotational motion occurs, We obtain 

eal Sr 

corresponding to the two additional rotational energy terms that are 
now present, At higher temperature we find Cu (7/2)R 
corresponding to the two additional vibrational energy terms. At 
very high temperature we have to further consider the excitation 


energy of the electrons, 


(V-2) 
: 2 2 
: _ RIM _ 1001 2i 
ea aa sog 7 0-881" joules/°K/ sec. 


(V-3) Smaller, The amount of heat exchanged is proportional to 
rate of flow of the material. Below the \ point (T =~ 2.2°K), He" 
becomes superfluid and the rate of flow is immense, He” behaves 
as a normal fluid with normal viscosity at low temperature, 


Therefore the rate of flow of He® is smaller than that of He”. 


(V-4) The one-dimensional equivalent potential energy for a molecule 


of mass m at point x (measured from the fixed end) is 


E 


According to Boltzmann distribution, the density p(x) is 


2.2 


p(x) = p (0) exp oe 
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where M is the molar weight of the gas and R is the universal gas 
constant. Note: M = Nom and R= NUK where No is Avogadro's 


number and k is the Boltzmann constant. 


(V-5) According to the equipartition principle we have 


= OS. eM Peed 
P.E. =5C0 > 5kT and K.E. = 510 = kT, 
therefore 

aD 7D 


which are independent of pressure, 


(V-6) The heat absorbed by the system in the process B+ C is 


p 
See E a E i ; 
gc I Tds = (5000) = 75, 000 joules. 


C+ A is (-100 x 500) or 
obtain the efficiency of the 


The heat emitted during the process 
-50, 000 joules, Since QAB is zero we 


engine 


L work _ gc + Sea 
e 33.3%. 
BC Qpe 


(V-7) The difference in specific enthalpy between two neighboring 


equilibrium states is 


dh = ÈL ah, 
CppiT + Gala dP 


where 
h 
Pp 


is defined 
to be Ch 


If the gas is to be c 


ooled by decreasing P, we find 
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Using the relation. 


(ah/3T),, cp 


-EPRD KEERA 


ah 

aP| © 
g 
and the fact that Cp > 0, we obtain 


c 


pRa eee aE 
SP | @P/8T),, \ 


T 
(V+8) The coefficient of viscosity is essentially independent of the 
pressure. Therefore the mean-square displacement is the same. 


(At constant temperature, the viscosity increases some 20% to 40% 


for a pressure increase of 1000 atmospheres. ) 


(V-9) Using the first TdS equation for black-body radiation, 
TdS = Cy ATE re) dv 


and the relations 


4 

pee eal Wate e] 
Bisa aap aD eae N 
we get 
TdS = 0 = vist oar + itor dv 
or 
dv , 3dT 4 
y T 


and after integration 


(1) 
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v; 1/3 


vT? = constant so that Ta = Go T,. 


Therefore 


f f 
(V-10) 
; 2 
mechanical energy _ kA 
AS = Epa 
T 2T 


where k is the spring constant and T is the absolute temperature. 


(V-11) At zero°K, all the electrons i at the lowest states. The 
number of states is proportional to p Zip or JE dE, After 
integration from zero to E , we find 
max 
3/2 


N= E or E œ N 
max max 


2/3 


where E is Fermi energy; 
max 


(V-12) Let T and Ta be the temperature of the water and the 


reservoir, roaren AA The highest efficiency we: can AR ake 


two sources of heat of temperature Ti ande Ts is 


from which we find the minimum work needed is 


wW a a itil )(1000) 
a ie _f__— (80) 
203 PCy meee 
3 20 x 80 x 1000 
= 293 x 10° on Sag =- 90x 10S = 19073 


~7x 10° joules. 
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(v-13) The atmospheric pressure as a function of height is 


P= PS exp (- mg). pa exp - RT Mer). 
A 2 2 
Using h = 1000 ft=3x10 m, &7 9,80m/sec , M = 29 gm/mole, 


R = 8,3 joules/mole and T~ 300°K, we find 

P~ P. exp - em) = Po €P (-0.034)P_ = (1 - 0,034)P., 

or AP = -0,034 Po Since evaporation is a first-order transition 
which obeys Clapeyron's equation 


dP L 

— = — 1 

AEEY “4 
w 

where L is the latent heat; v and vi, are the specific volumes of 

the vapor and the water, respectively. Note that ae is negligible 


compared with v. Using the ideal gas equation v = RT/18P we 


obtain 
AP. isn 
; RT 


for one gram of vapor, or 


2 
2.818 SP a ke 
AT 540x 18 P, a lina 


(V-14) Using the second Tds equation 
PA 
Tds =c dT -TF5 
s =c GTp dP 


we obtain the change in entropy at constant pressure 


c_ dT 
A 


ds = T 


After integration we find the entropy at -10°C is 
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263 
ao 8, * 4222 tn a3 + 226 for water (0) 
and 
263 
-29 1 = posal 7 
8! - Ss) 2112 0n 373 75 for ice (2) 


where s (si) is the entropy of water (ice) at o°c. 55 is related to 


S5 and 4 the latent heat by the following relation 


80 x 4.19 x 10° 


4 
weno z 3) 
Gio 273 273 taz: ( 


Using (3) and (1) we find 


263 
S- t = (4) 
s! = 4222 tn sag + 1453. 


From (2) and (4) we find 


8-5! = 2110 0n Ses + 1528 = 1450> 0. 


Since s> s', ice is in the more ordered state. 


` (V-15) From the lens formula 


ES (1) 


with pj = 300m, f, = 20 cm, we get q; equals 60 cm, The size 


Of the image is 5 x q,/P, oF 10 cm high. The object distance for 
the second lens is 

P, = 10 - 60 = -50 cm. 2) 
From (1) and (2), we have 


q eaten a 10) = 18,8 cm. 
2 (730+ 1/50) S 


The size of the image is 
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q 
10: cm x — = 10 ue = -3,75 cm, 


L kl, 


$ Object 


S cm 


j 


Image | 


[so em| a 
30cm 50 cm 


(VI-1) The condition for bright fringe; is 
1 
2nd = (m +5) saat legless py eae 


In going from one fringe to the next the optical thickness of the 


wedge, nd, should change by \/2. Therefore 


à = 2n(Ad) = 2n(AD) tan 9 = 2n(AD) x 8 
ji 20 8 
=2x1.4x 0.25 x 70x60x57 x 10 


~ 7000 A, where AD = 0,25 cm is the distance between fring 


‘(VI-2) Let ti and ty be the instantaneous temperatures of obje 


244 


(1) 


es. 


ct 1 


and object 2 and dW by the amount of work output from the system 


when dQ, and IQ, are added to each object, respectively. The 


maximum attainable efficiency between two heat reservoirs at 


temperature ti and talt, > ta) is 


where the minus sign denotes that dQ; is actually flowing out of 


object 1. Therefore 


t-t 
ti 


- dW = C pdt; 


(1) 


Solution Set of Heat, Statistical Mechanics, and Optics 245 


According to the first law of thermodynamics the total energy 
flowing out of object 1 should equal the sum of the output work from 


the system and the heat flowing into object Se lees 


CNT -t,)=W+ Cott, - 7) 


oe etiaa 

or 

d = = ies (2) 
et, = W+ CLG, n 


Substituting (2) into (1), we get 


dt 
We -t _T - 
F (W + CL@t, - Ty T,)) 
or 
awt.) = - ATAN (3) 
1) * -Cpat, 2, = Ty aal 


Integrating from T, to Ty we get from (3) 


G 2 2 (4) 
WT, CET e T ee T,)) 


ture of body 1 and body 2 and W = 0 


phere T, is the final tempera 
= T; in (2), we can solve for Ty 


when = i =t 
ti Ti: Setting to 1 


(5) 
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From (5) and (4) it is straightforward to solve for W. 
(VI-3) 

a. The number of collisions = (number of atoms per unit 
volume) x (4 times of the cross section of a single atom) x (average 

E 5 

velocity of atoms) = (3 x 101°) x 47 x 10 ig x10 =4x 10° per 
second, (We have used cgs units.) 

b, The number of collisions with one wall = (number of atoms 
per unit volume) x (average velocity of the atoms)/2 = 1.5 x 1074 


per second, 
_(VI-4) 
a. The condition determining u is 


oN =n 
i 


Using the given expression for Np we get 


— 2S, ae — ap =n, (1) 
(2mh) A el 


where the factor of 2 comes from the fact that the electrons have 


spin 1/2, Since E ED (1) becomes 


PEE 


2 
4mp dp =n (2) 
(ans)? ° 


2 
able /2m-u) 4 


from which one can solve for y. For e8 << 1, we can expand the 
integrand in power series of eB and obtain the selaon 

kt = 
om s1 3/2 (UB BA 3/2 2up RoN 


2 


EE (3) 
27H 


b. The thermal wavelength is defined to be 
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which is the de Broglie wavelength of a particle with mass m and 


‘energy TkT, When M` << 1, we can menses the higher-order terms 


i Set (4) 


c. At room temperature, we find 
: z Sev, = 1973 eV-Å 
ETa ev and m.c.~0.5x 10 eV, Hi, = 1973 eV-A, 


Therefore 


6.3 x (1973)" 
0.5 x 10° x 1/40 


hence 


K : 
BX 2 ~ (107! ao - 19°, 


Lig yi ae A, 
MY" Gam a eo) A 
KU 20 
i 
ae: 
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(VI-6) The rate of increase of the optical path is 


(n - D 


from which we see 


Av _(n- 1) dh 
v c dt ° 


This problem is similar to the case that the source of light is moving 


away with velocity 


(VI-7) Let x be the thickness of the plate. The condition of a 


quarter-wave plate is 


_ 5, 8299 x 10> 


wv =o 
ROETE (0.01154) ` 1.263 x 10 “cm, 


(VI-8) 


a. The phase difference of two neighborhing lines after a 


distance d is 


where d equals 2x 30 =60cm, A} is the difference between 


wavelengths, and ô equals 27 for two neighborhing lines. 
Therefore we can solve for A) 
; 3 


Aas -3 
AA =" ~ 6 x 10 A. 


J 


—— 
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b. The resolving power needed is 


The order of interference, m, is given by 


From the given formula, we find the reflectance has to satisfy the 


condition 


RETE 
e pe 
a Zo 


Eo iTe 1 4 e 
SEA 
40 o 
or 
BE T 
Be nane 


in order to resolve the two lines in a. 


(VI-9) 


| €3,43 


and E, be the electric field in 


L ‘ t; 

T het Bo Eo 
region I, II, and III respectively. 
Therefore we can assume the electric 


The boundary 


For normal incidence, the rays 


are rotational symmetric. 
fields are all perpendicular to the plane of the paper. 


Conditions are that the components of the electric and magnetic fields 


Parallel to the surface in one medium are equal to the corresponding 
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parallel components on the other side of the boundary at any instant. 
Therefore we have the following relations: 
= 1 
ES i Leh Ey ig Ez 
Tia 
Ey + E, E, 
Wen - = E. -E:! 
een) Je Œ -E,') 
WE AS 
Vée,(E, E,') Ne, E, 
from which we can solve for E, and E, in term of ES 
1-Vegfe, E 
-e Eo 
1 1+4 €,/e, Uses + ve," 


2E ae, ES 


fe} 


(Bi se ae ER Sy LO. 
3 1+Ve,/e, Ne, +e, 


u 


which are independent of Ey. The intensity of the wave transmitted 


into medium 3 is proportional to ES while the ou. of the wave 


reflected back is proportional to Bos 


(VI-10) According to Rayleigh criterion, we have 


Dd 


2 
7) 1.227" 


22A 2 
1.225 or 4 = 


Using d=0.5cm, D= 1,22 cm, and À = 5000 A, we find 


2 
~ 1.22 x 10° x 0.5 5 x 10 6 
4 ee T == =10 cm = 10 kilometers. 
1.22 x 5x 10 5x 10 


(VI-11) 
a. 90°, 


at 
b. ọ = tan a where n, and n, are index of refraction 
2 


for first and second dielectric, 
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(VII-1) Red light. 

(VII-2) Center of curvature, 

(VII-3) Perpendicular to the reflection plane, 


(VII-4) If the beam comes from the left, the point of convergence is 
shifted to the right side of P, 


(VII-5) Beyond the focal point and on the same side as the object. 
(VII-6) Red, 


(VII-7) The inverse of the focal length is 


ei - 1), 
Eg A 


Sin ẹ FLN 
ce np < ny we have fR a 


(VII-8) Virtual, 
(VII-9) Chromatic aberration. 


(VII-10) Light cannot pass through the system of a linear polarizer 
and a linear polarization analyzer when the axes of the two devices 
are perpendicular to each other. 


(VII-11) 1/2. 


(VII-12) The ray which passes through the optical center of the lens 


will not be deviated, 


3 14 
(VIL-13) 4000 A+ 7000 A corresponding to 7.5x 10 Hz down to 
4.3 x 1014 gz, 
(Virr- a y =n) . 
iia “in 7 “nefracted’ Xin refracted 


fated 
WIt-15) The rays from the center of a sphere are not deviate 

1 
Therefore the image must appear at the same plane as the origina 


letter, For small 9, 9! = ng (Snell's law). Since 
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4! = r8' = nr =ng, the size of the image is n times as large as 


that of the object. 


Hemisphere 


(Image) 


(VII-16) 


a. The phase difference of the rays from the two slits at C is 


The intensity at point C is proportional to Gees AN2 v Or 
2 78 
L = D cos ((n - 1) 1? 
4 KO Ta LR 
b. The intensity is minimum for § = Gos 
c. The amplitude at point C is 


A. = Acity gellutts) 


P pete i E 
from which we find the intensity is 
De [A | e441 44 Rewer 
tel c 
« 5+4 cos 


= 5+4 cos =) | 
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(VII-17) This problem is identical in character to Fresnel diffraction 
by a circular obstacle, The wavelength of the sound is 

} =v/f= 0.1m, Since the source is far away from the slab, the 
waves arriving at various points on the plane of the slab are all in 
phase, For a point on the axis of the slab, the radius of the gth 


Fresnel zone is given by 


2 2 Nae 
+ = Prey 
R D (D+. 2) 


or 
1 
byes 
bo Nae 
R= (4D, + 
i (AD 7 ) 
where D is the distance between the slab and the listener. The 
projected area of the 4th zone is 
a 2 ne 
IR- +=) cos 6 
( 4 TR a1) cos 8 ~ TAD are 
where 
COs 9 = D 
2 2 
D° + 
ay 
The resultant amplitude of the sound wave along the axis is 
A By) re 1)"a 
4 
where 
2 ‘ 
TAD + a cos 9 
4 7 — cos 8 
2 2 
RE 
Y D 
2 
Sr 2 
TAD + =p ie 


n 


R? + p)? á 
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The components perpendicular to the axis vanish because of 
rotational symmetry around the axis. 

a. For the case that the listener is right behind the center of 
the slab, we have D= 0. Therefore A, =0 for 4 #0. Since the 


1 


first Fresnel zone outside the slab has £4 = V2 = 20, the resultant 


amplitude of the sound wave vanishes, Therefore we do not hear the 
whistle, 

b. Now if we go far downstream Erom the slab, we have 
D>>}. The first Fresnel zone outside the slab is 4,5 1/AD. The 


resultant amplitude becomes 


StL Gord. 
1 if 1 1 
=—(-1 É EEN 
aE E A EAG A, (2) 
1 1 
since A 70. In the case that the slab is removed, the resultant 
amplitude is ; 
w 4 A 

B- 2 (iva eS. (3) 

4=0 ; 
The condition that the sound intensity is reduced by a factor of 2 


due to the existence of the slab is 


Pt on”) : 
A =58 

or 

2 1A 

ty RO" 


Using (1), we get 


i 
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2 eh (apy 

R THA 2 DS 

4 

1 
Since R =1m Lee we find 

ay AT EAT 

| 1 
+ p37? | 2 


from which we find Dw 1.5m, 


255 


(VII-18) The size of the spot is approximately the size of the central 


Peak in the diffraction pattern produced by a circular aperture. The 


first dark ring appears at 


Sing = 1,994 
d 
where 
Bin a adius of the spot | oe 
distance between earth and the moon 


With , - 6000 Å, d=2m, and distance D = 400,000 km we find 


radius of the spot 
-7 2 
Re tooDA 1.22 Aedo ORAO 24 0 m. 
Ag 7 


1,22 x 4x 1lOn xx 
2 


(Vitt-1) ies 0, since V is am odd function, 
i, j S ' 


x 

3 OR Pepe EL 

yo = EE since V_ = V, pss 3 fim | 
x om y 


v? =0, since v? is an odd function. 
S t ji: 
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(VII-2) It decreases, since the increase in temperature results in 


an increase in the viscosity of the air, 
(VIII-3) 


+ 
Ti 5T3 


ECEE 


The total entropy change of the milk and coffee is 


Tt caT Tt e aT 


+250 J 
T, 


a Tr 
50c Mm + 250c Mm =. 
TAT vty sup 
1 2 
Sh et tok, (i Ue sans 
1 2 4 250g E 


6T; 6T, 


sody 


AS 


L 
u 
° 
r 


because eE 1 for water. 
(VIII-4) The equation of state of an adiabatic process is 


PV i = P, vy = constant 


where y equals 5/3 for monatomic gases, For Ya (1/2)V, the 


ratio of the pressures is 


p Viaw 
se >) = 25/8 ~ 5 a7, 
1 2 


(VII-5) From the definition of entropy we have 


dT 
mcr cot aon I dT =yT, 
(VIII-6) 
ye 
PA 
v- vo? sos 


Pas 
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(VIII-7) The change in entropy is AS = L/T. According to the first 


law of thermodynamics we obtain 


AU = TAS - PAV = L- Pee 


Mar iain at 
(VIlI-8) Since N, = yee N= N, and N, +N,=N, we have 
-E/kT 
c total. a ie ( Ne / ) 
dT dT an ae SERT 
1° EJET 
2 2 
= NE? Mr 5 >x, SST ola 
E/T 4) 4kT 


and similarly 


C—> Ne? Fee as T+ 0, 
kT" 


eNk/(1 + e)? 


(VII-9) 
a. (3/2)R; for T<<@, 


b. (5/2)R; for T>>@ 
| 2)R; k i 
1 temperature for rotation of the 


ot 


Where @ is the characteri 


Siven molecules, 


(VIII-10) The area under the curve is multiplied by the factor 
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(1/2)* = (1/16), andthe value of \ corresponds to the peak 


increases by a factor of 2, 


(VIII-11) 


a. The heat capacity of the iron is 


(a = 200 x 0.60 x 10° = 1.20x 10° joules/deg, 


iron 


The highest efficiency obtainable between two reservoirs of 


temperature T and Ti (Tt, S285 Kya) PIO) is 


T = 285 


Eff = T 


The total work available is 


1773 1773 


y T+ 285 | dT 
WRC iton 288 aes oe eee) 
1773 


(1488 - 2859 -285C oR (1488 - 521)C, n 


iro on 


4 5 
IGT X L 20K LOC 1 P16) X TO onien 


b. The entropy change of the iron is related to the heat 


transferred AQ by 


- 4Q 
AS T: 
Therefore 
285 
sia Ta dT 
SDI i T Giron ee T 
1773 
iron” 285 NT (an 6. 22)C ron 
i thei OO i 
iron 


The entropy change of the seawater is 


1488C, 


iron =5,22 C 


l AR PANE Sih 
3 Si 285 iron 


f 
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The total entropy change is the sum of the two. 
(AS),,., = 3.39C = 4,07 x 10° joule/K 
Tove 7% iron "7% J 4 


(VIII-12) 
a. Let 6 be the phase of the reflected light with respect to the 


phase of the incident light of amplitude A. The reflected and the 


transmitted rays are related to A by 
T= A, VA ald i (1) 
According to the reversibility of light rays, if we reverse the 


directions of the reflected ray and the transmitted ray, we should get 


the original ray, As shown in the figure we have the relations 


x x 
RR + ET A? 
and 
TR + RT*=0 -(2) 
where 
* y A 
T =T and R = Gee 3!) 


Using (1) we get for (2) 


iô -i 
g te 29 cos o 20 


Which suggests that § = + 7/2. 


RR* + TT’ = A? 


“20 
TR? + RT TT 
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b. The ray BEG is reflected once from the halfsilvered 
mirror E at E; the phase difference of rays BEG and BEF at E 
is then 7/2. Similarly, the phase difference at E between ray 
BCDEF and BCDEG is 1/2. Therefore if rays BEG and 
BCDEG are out of phase at E, the rays BEF and BCDEF are in 


phase. In mathematical symbols we find 


5(BEG) - 6 (BEF) = m(2n) +2 


ô (BCDEF) - 6(BCDEG) = n(2r) + 


rls 


6§(BCDEG) - 6(BEG) = 4(27) +7. (out f phase). 


Since we have to choose the same signs (i,e., + $ + 5 +T= 0 ) 


for the same types of mirrors, it follows that 


5(BCDEF) - 6(BEF) = (2+m+n+1)27 (in phase). 


(VIII-13) 


a. According to Snell's law we have 


sin 9' 
sin 6 


SMS 


- (1) 


ole 


The image distance, -q, which is negative because the image is on 
the same side as the object, is related to the radius according to the 


sine law for a triangle by 
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eee OR 
sing sina (2) 
where œ= r - (t - 26' +6) - 6 = 2(6'- 6), Therefore we have 

J sin 8 
oe cin (0' - 6) cos (9! - 6)* Wy 
For rays close to the axis, both 0 and §' are very small, 
Therefore sin ~, sing'~6!, sin (6! - 6)~ (g' - 6), and 
cos (9' - @)~ 1. Thus (3) becomes 

pe ROL (3) 
1° 2@' - 8) 
furthermore, (1) becomes 
= (4/3)o, mi (4) 
Substituting (4) into (3) we obtain 

nee (5) 
Bly R. 


The image distance is just -q. The image is on the same side as 


the object. So it is virtual and erect. The distance, q, by 
definition is the focal length of the bubble since the object is at 
infinity., ; 
Alternatively, one can also use the thick lens formulas which 
were derived for paraxial rays from a point source refracted at a 


Spherical surface of radius R; or Ry. We find 


Unten, 


E 
f R 


ae i (2) 


where f] and f} are the focal lengths of” Sfirst surface (the left 
2 ei 


, 
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hemisphere) and the second surface (the right hemisphere) of the 


lens, respectively. For 

yi n'=1 R,=R nd R,=-R 
east Tighe ne Mh AF 
we get 


fi = -3R and f3 =-4R. (3) 


The focal length of the lens is given by 


aila R 
1 1 tft 
T i 
or 
1 f! 
fie 
fas 
2 
+f! -2R 
n 


Using (3) and (4) we find 
-3R 
f= Tos (5) 


Finally we can solve for q using the Gaussian lens formula 


where p= is given. Therefore 


Rel Wood 2 5 
Bye SS SNS eae SS 

p OE G 2 3R 
therefore 


q=- gR 


ATOMIC PHYSICS AND QUANTUM MECHANICS 


(l-1) (20 points) 
(a) In Rutherford scattering of @ particles in a thin gold foil, 
one neglects the effect of the atomic electrons on the a 
particle. Why? 


(b) In Compton seattering, one neglects the effect of the 


nucleus on the X-ray. Why? 


(1-2) (20 points) Calculate the magnetic field at the proton which 
arises from an electron in the 2p state of an H atom, 


18 A 
(1-3) (20 points) A mercury lamp emits 10 photons/sec in the 


2537°A resonance line, The mercury vapor has low density and is 
assumed to be at thermal equilibrium at T = 300°K. Calculate the 


Doppler width of the line, Estimate the natural width, How much 


Power is radiated in the line? 


(l-4) (20 points) Potassium is an alkali metal with Z=19. What is 


the electron configuration of the ground state of potassium? What 


are the L, S, and J quantum numbers of the state? Describe the 


Zeeman effect of the ground state quantitatively. 


263 
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(I-5) (20 points) Consider an infinite square well, The wave function 


of a particle trapped in an infinite square well potential of width 2a 


(see figure) is found to be: 


31x 


4 = C cos a + sin Tar k - cos STE inside the well 


¥ = 0 


2a 


outside the well 


(a) Calculate the coefficient C. 
(b) If a measurement of the total energy is made, what are the 
possible results of such a measurement, and what is the 


probability to measure each of them? 


(II-1) (15 points) Give numerical values and appropriate units for: 


(a) Neutron mass, 

(b) Planck's constant. 

(c) Fine structure constant, 

(d) Electron Compton wavelength, 

(e) Classical radius of electron, 

(f) Lifetime of the 2p state of hydrogen, 

(g) Spin magnetic moment of proton, 

(h) Lifetime of free neutron, 

(i) Velocity of electron in first Bohr orbit. 

Express (c), (d), and (e) in terms of the fundamental constants 


ê, ñ, ma and ç. 


EE E S ENS 
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(11-2) (25 points) 
(a) The time-independent Schroedinger equation for a particle 


moving in one dimension in a potential V(x) is: 
2 a2 
ch od yx) V&W (x) = Ey (x) 


D 2 
mo od 


Suppose V(x) = V(-x) and y(x) is nondegenerate, Prove that 


y(x) has definite parity, i.e., that: 
y(x) = + y(-x) (Even parity) 

or 

y(x) = - y(-x) (Odd parity). 


(b) Consider the potential well shown in the figure: 


V=% V= 


-a —b b a 


Sketch the approximate character of the two lowest energy 
e-independent Schrdedinger equation for this 
and call their 


solutions to the tim 
potential, Label the two solutions y, and Wo, 


respective energies Ey and Eg ine, 
(c) A particular solution of the time-dependent Schroedinger 


equation for the potential shown, can be constructed by 


Superposing: 


-i(E [ñt -i(E,/ń)t 
44e $ and ¥oe 


Construct a wave packet !¥ which at time t = 0 is (almost) 
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entirely in the left-hand well. Describe in detail the motion 


of this wave packet as a function of time. 


(II-3) (20 points) The positron has the same mass as the electron, 
but opposite charge and spin magnetic moment, If you replace the 
proton in a hydrogen atom by a positron, you get a positronium atom, 
(a) The ground state of the atom consists of two hyperfine 
components, iSo and fS split by a very small energy 
difference, Which level lies lower? 
(b) What is the binding energy of the ground state ? 


(c) A positronium at rest in is state decays to 2 y-rays, 


What is their energy and relative direction? 


(11-4) (15 points) 
(a) What is the value of the matrix element 


<4',m'|[L,,L_]|4,m>? 


io 6/2 
(b) Prove that e Y = cos 9/2 + Aa sin 0/2., 
(II-5) (25 points) Calculate the shift in energy of the 18 state of 
hy drogen which one obtains if the proton is assumed to be a 
uniformly charged spherical shell of radius 10708 cm rather than a 


‘point charge, Use first-order perturbation theory. 


(III-1) (5 points) If the electric charge of the proton were doubled, 


what would you expect to be the heaviest stable nucleus? 


(III-2) (5 points) What order of magnitude of magnetic field strength 
would be needed to see the Paschen-Back effect rather than Zeeman 


effect for a typical nucleus? (The effect has never been seen, ) 
(11-3) (5 points) What minimum kinetic energy must a proton have to 
produce an antineutron upon colliding with a heavy nucleus? 


(III-4) (5 points) Negatively charged muons travelling through 


matter are very rapidly trapped into Bohr-type orbits about atomic 
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nuclei and are then gradually captured by protons in the nucleus 
much like inverse beta decay (K capture). The rate at which this 
capture takes place in various materials follows rather closely a 


law of the form 


muon capture rate = const. X zP 
Give argument as to why the exponent p should have the value 4, 


(H-5) (5 points) Up to what value of the bombarding energy is 


neutron-proton scattering essentially isotropic ? 
(III-6) (15 points) What are the energy levels of a particle of mass m 


moving in one-dimensional potential 


+ © x<0 
N(x) = < 


2 
jea x> 0 


No lengthy calculations are needed, 


(IlI-7) (5 points) List all the absolute symmetries (conservation laws) 


you know, List some approximate ones. 


(11-8) (5 points) A particular meson can decay into two different sets 


of final states at rates given by the separate decay times ti and ‘tos 


Give the formula for the uncertainty in mass of this meson, 


(III-9) (5 points) What are the values of the phase and group 
velocities of the deBroglie wave, describing a free electron with 
Classical velocity V? 

(I-10) (10 points) Describe for each of the following states the 
domain of all points in three-dimensional configuration space at 


i The 
which the wave function y of the hydrogen atom vanishes. 


normalization criterion is fi 


(a) the 1s state 
(b) the 2s state 
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(c) the 2p state (specify here which substate you are 


describing). 


(III-11) (10 points) Give the simplest formula for the binding energy 
of an electron inthe K shell of an atom of nuclear charge Z. Will 
corrections for 

(a) relativistic form 

(b) screening of the central field by other electrons 

(c) the finite size of the nucleus 


increase or decrease the value? 


(III-12) (10 points) Give the functional form (with sign) of the 
variation with separation of the potential energy between the following 
particles at large distance: 

(a) two neutral atoms 

(b) two ionized atoms 

(c) one neutral atom and one ion 

(d) two neutrons (considering nuclear forces only) 


(e) two neutrons (considering electromagnetic forces also) 


(IT-13) (15 points) Consider a homogeneous quantum mechanical 
sphere whose center is constrained to remain at the origin, but which 
is free to rotate, Since poiñts on its surface are indistinguishable, 
its wave function satisfies the condition that |y(8,ọ) es is independent 
of the angles 0 and », Determine the allowed values of the angular 


momentum and prove your result, 


(IV-1) (15 points) A one-dimensional potential barrier is of the 


ta 


shape 
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Find the transmission coefficient for particles of mass m coming 


from the left, with energy EV, <E< V} 


(IV-2) (5 points) Determine the eigenvalues and normalized 


eigenvectors of this matrix: 
T 2 
20 


(IV-3) (20 points) Assume that ¥ is an eigenfunction of the single- 


particle Schréedinger equation, Define the vector C as follows: 
d 
Stl y *Y dv} = -S x + C dv 


(a) What is the physical meaning of C ? 
(b) Assume that y satisfies the Schréedinger equation and 


calculate an explicit expression for C. 


(IV-4) (20 points) Write down the wave function for a hydrogen atom 


in its ground state, Find an expression for the probability of finding 


4 5 
the particle (the electron) between r and r dr, independent of the 


angular location of electron with respect to rigin. Find the value 


of r at which this probability is maximur 


(IV-5) (20 points) Give the numerical ve 4es of the following physical 


‘quantities to within a factor of 3. 
(a) Distance apart of two protons in a hydrogen i i 


(b) Wavelength of greatest intensity in black-body radiation 


at 3°K, 


(c) Energy gap between valence and conduction band in pure 


Silicon crystal. ne 
(d) Energy released in fission of a nucleus of uranium pil 
(e) Frequency of red light. 


(f) Time required for light wave tp eaverer clametey obo 


proton, 


(g) Magnetic moment of free electron. 
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{IV-6) (20 points) A particle of mass m rests in its ground state in 
a one-dimensional box formed by two very high ("infinite") potential 
walls separated by a distance a, Suddenly the walls are 
symmetrically expanded to double the original separation, 
(a) What is the probability that the particle now finds itself in 
the ground state of the expanded system? 


(b) Is energy conserved in this process? 


(V-1) (20 points) Give a brief discussion of the following topics. 
(a) Correspondence principle 
(b) Dulong and Petit law 
(c) Why only the principal series is observed in the absorption 
spectra of alkali metals. 
(d) Why the Lande g factor is 1 for all singlet states and 2 
for all S states, 
(e) Two experiments that demonstrate the particle-like 


behavior of electromagnetic radiation. 


(V-2) (20 points) A -meson which is 210 times as heavy as an 
electron is captured by a proton to form a hydrogen-like atom. 
(a) What is the energy of the photon that is emitted when the 
-meson falls from the first excited state to the ground state? 
(b) What is the radius of the first Bohr orbit? 
(c) What is the velocity of the y-meson in the nth circular 
Bohr orbit? 


n is the principal quantum number. 


(V-3) (20 points) In elementary chemistry, students identify the 
presence of small amounts of sodium by the yellow light (5890 È) 
“emitted when a sample is placed in a Bunsen flame. This might 
appear unreasonable in view of the relatively low temperature of the 
flame (2000°K),. Demonstrate quantitatively that this is not the case 


and explain the result, 
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(V-4) (20 points) A one-dimensional particle moves in the potential 
energy 


0 x<0 
V KRO 
o 


V(x) 


Suppose the particle has energy E> Ma and is incident from the 
(-x) direction, 
(a) Find the wave function everywhere. You do not need to 
normalize it, 
(b) Normalize the wave function so it corresponds to unit 
incident flux (one particle per second), 
(c) Solve the case for E< Niy and discuss the significance of 
the result. 
(V-5) (20 points) The (unnormalized) wave function of a particle of 


mass m is 


e`ikr K ikr 
V(r) = z E (r is radial distance from origin) 


(a) What is the energy of the particle? 
(b) Is the particle a free particle? If your answer is no, 


describe the potential as well as you can, 


(VI-1) (15 points) 
(a) The continuity equation of electromagnetic theory relates 
the divergence of the current density to the time dependence of 


the charge density, Use an analogous idea to derive the 


nonrelativistic probability current density of quantum 
mechanics, 

(b) Compute the probability current density for the 
unnormalized wave function ý = er, 


(c) Cana real wave function have a current? 


(VI-2) (29 points) A boy on the top of a ladder of height H is 


dropping marbles of mass m tothe floor, To aim well, the boy is 
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using equipment of the highest possible precision. Estimate, using 
the uncertainty principle, the typical distance by which he will miss 


the crack. 


(VI-3) (20 points) According to Moseley's law the frequency of the 
Ka X-ray line is given as a function of Z, the atomic number, by 


a relation of the form: 
Ny =aZ-b 


(a) Give an approximate formula for a in terms of 
fundamental constants. 

(b) Explain why the frequencies of X-ray lines vary from 
element to element in a simple way, whereas optical 


frequencies follow no such simple relation, 


(VI-4) (10 points) A particle, of rest mass m, and velocity v, 
collides with a stationary particle of rest mass Mo, and is 
absorbed by it. Find the rest mass M and velocity V of the 


resultant particle, 


(VI-5) (15 points) Electrons enter a region of uniform magnetic field 
B through a slit, S and leave, after one semicircular turn, 
through slit Sp. As they enter Si? their spins are pointed upwards 


(p = 0) as shown in the diagram. Electrons have a g-factor of 


g=2+a/Tt, andthe magnetic moment is given by a =- — gs. 
B © 
© 
o |s, 
(o) 
S/o 
© \o 
© O 
(o Mo S2 
© 
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(a) What is their spin precession frequency ? 
(b) What is their cyclotron frequency ? 
(c) What is the angle », which the electron spins make with 


the initial spin direction, when they exit through slit So ? 


NOTE: It can be proved that the dynamical equation for the time 
variation of the quantum expectation value of the electron spin is 
identical to the classical dynamical equation for the electron spin. 
Therefore a completely classical approach is valid here and should 


be used. 


(VI-6) (20 points) 
(a) Using classical expressions for the kinetic and potential 
energy of the electron-proton system and the Bohr quantum 
condition, derive an expression for the energy levels of the 
hydrogen atom. 


(b) Estimate the energy difference between the second and 


fourth energy levels. 


{VII-1) (20 points) An electron with a Romo TOV al XE 7°18 
Moving from left to right along the x-axis, The potential energy 1s 


V=0 for x<0 and V = 206M toma 0. Treat the electron as a 


one-dimensional plane wave. 


E 


: d x>0. 
(a) Write the Schréedinger equation for x) <)0), 800 2% 


(b) Sketch the solutions in the tw 
(c) What is the wavelength for x < p 


o regions, 
(in centimeters)? 
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(d) What are the boundary conditions at x = 0? 
(e) Make a general statement about the possibility of finding 
the electron at some positive value of x, 

(VII-2) (20 points) 
(a) In a one-dimensional harmonic oscillator, with 
characteristic frequency Vo what is the energy and parity of 
the eigenstate associated with quantum number n? What 
values may n have? 
(b) The wave function of a three-dimensional harmonic 
oscillator may be written as the product of three one- 
dimensional harmonic oscillator eigenfunctions of each of the 
three Cartesian coordinates, with respective quantum numbers 
DaraS Find the energy, parity, and degeneracy of the lowest 
four distinct groups of energy levels. 
(c) The three-dimensional harmonic oscillator can also be 
solved in spherical coordinates. The same energy eigenvalues, 
through different eigenfunctions, will be found, Using your 
knowledge of the parity and degeneracy of various states, 
deduce which values of angular momentum quantum number, 
4, are associated with each group of levels enumerated above 
in part (b). 


(VII-3) (20 points) A free atom of carbon has four paired electrons 
in s-states and two more electrons with p-wave orbital wave 
functions. 
(a) How many states are permitted by the Pauli exclusion 
principle for the latter pair of electrons in this configuration? 
(b) Under the assumption of L-S coupling, the "good" 
quantum numbers will be: total angular momentum, J; 
na = (4, t e); and s? = (s4 vd Pee Give the sets of values 
of J, L, S allowed for this configuration of two p-wave 


electrons, 
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(c) Add up the degeneracies of the terms found in (b), and show 


that it is the same as the number found in (a), 


(VII-4) (20 points) The atomic number of Na is 11. 
(a) Write down the electronic configuration for the ground 
state of the Na atom showing in standard notation the 
assignment of all electrons to the various one-electron states, 
(b) Give the standard spectroscopic notation for the ground 
state of the Na atom, (Prototype form: 5°F,) 
(c) The lowest frequency line in the absorption spectrum of 
Na is a doublet. What are the spectroscopic designations of 


the pair of energy levels to which the atom is excited as a 


result of this absorption process? 


(d) What is the mechanism responsible for the splitting 


between this pair of energy levels? 


(e) The total angular momentum j of the atom is different 


for these two levels, Does the level corresponding to the 


higher value of j lie lower or higher? 


(f) The splitting between these two levels is ‘proportional to 


the average value of r’, where r is the distance of the 


valence electron from the nucleus, Derive the power n bya 


simple argument, 


(VII-5) (20 points) 

(a) State all the commutation relations ig the 
B Ly Lz and L. 
and L with 


angular 


momentum operators Li 


2 
(b) Let y be an eigenstate of L 
ue ) and tm, respectively. Show that 


eigenvalues B24 (gt 
and Ly 


SPES ; par 
> i is likewise an eigenstate 0 
$ = (Lx + iLYW ym i 


and determine the eigenvalues. 


f part (b) is also an 
(c) Show that if g = 0, the state Vim or part4 


ei nd L 
igenstate of Ly a y 
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(VIII-1) (15 points) State the quantum numbers S, L, J for each 
of the following: 
(a) The ground state of neutral boron (atomic no. 5). 
(b) The ground state of singly ionized sodium (atomic no. 11), 
(c) The ground state of doubly ionized sodium. 
(d) The first excited state of singly ionized sodium. 


(e) The ground state of the Hy molecule, 


(VIII-2) (10 points) A particle of mass m is bound in a one- 
dimensional potential of characterist'c width a, and has a ground 
state energy E=-B. There are two quantities of the dimension of 


length which occur from a study of Schr6edinger equation: 


dq =a and d, = omBp 


Answer qualitatively the question: "Over what distance d is the 
particle's probability density spread out?" Sketch the wave function 


in order to illustrate your conclusions. 


(VIII-3) (10 points) In the figure, A and B are Stern Gerlach magnet 
systems which allow only S =+1/2 states to pass (we have a 
bunched beam of potassium atoms incident from the left). The 
bunched beam is subjected to a spatially uniform magnetic field B 
in the region between A and B for an interval of 1 microsecond, 
What should be the magnitude and direction of B so that none of the 


beam can reach the detector D? 


A 
pa ; o] 
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(VIII-4) (10 points) Approximately what is the lifetime 7 of the 


2p state of hydrogen? According to the uncertainty principle we 


would say that the energy of this state is uncertain by an amount 


roughly AE =%/7. Ina famous series of measurements begun 


twenty years ago, W. E, Lamb determined the energy of this state 


with an accuracy about one thousand times better than this AE, 


Explain, 


(VIII-5) (15 points) Give the formula and numerical value in cm 


accurate to at least one significant figure for: 


(a) 
(b) 
(c) 
(d) 
(e) 
(f) 
(g) 


The radius of the first Bohr orbit in H, 
The radius of the first Bohr orbit in Hg. 
Compton wavelength of the electron, 
Compton wavelength of the pi-meson, 

De Broglie wavelength of a 10 keV neutron, 
De Broglie wavelength of a 10 BeV proton. 


Compton wavelength of the neutrino. (Specify which kind of 


neutrino, ) 


(h) 


The radius of the heaviest stable nucleus, 


(VIII-6) (10 points) 


(a) 


Prove that the expectation value of the momentum operator 


af 
P must vanish in any stationary state. 


(b) 


expectation value of the pos 


(VIII-7) (10 points) State the s 


transitions in light atoms. Whic 


Under what general conditions can one also prove that the 


> : 
ition operator r must vanish? 


election rules for electric dipole 


h of these rules remain valid in 


heavy atoms? in nuclei? 


(VIII-8) (10 points) Atomic hyp 
atomic fine structure by approxim 


1S the electron mass, 


number, 


erfine structure is smaller than 
ately the ratio m/MZ, where m 


M the proton mass, and Z the atomic 


Explain this result. 
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(VIII-9) (10 points) Consider the function f(x) defined by the power 
series 
© n 


f(x)= > —& 
n=0 (n!yP 


where p is some positive real number. How fast does this function 
increase as x goes to + infinity? Could this be an acceptable 
solution to some Schroedinger equation when we have the 


normalization requirement 


œ 


J, Iyl d = 12 
Explain, 


(IX-1) (5 points) A cyclotron accelerates deuterons to 16 Mev 
energy. The deuterium is replaced by helium. What energy alpha 


particles are obtained? 
(IX-2) (5 points) What is the density in gm/ om? for nuclear matter? 


(IX-3) (5 points) Alpha particles and protons of the same kinetic 
energy are passed through a gold foil. What is the ratio of their 
coulomb scattering (nonrelativistic) ? 


(IX¥-4) (5 points) How much energy (in joules) would be released if a 


meteor of 1 kg of antimatter were to hit the earth? 


(IX-5) (5 points) What is the ground state energy of an atom 
consisting of an electron and a positron bound to each other by their 


coulomb attraction? 
{IX-6) (5 points) How many spectral lines appear in the Zeeman 


betes 2 2 
splitting of the Dio > Piso transition of sodium? 


(IX-7) (5 points) A particle of mass m is confined by an 


appropriate potential to a spherical region of radius R. Givea 


Atomic Physics and Quantum Mechanics 279 


rough estimate of the particle's kinetic energy in its ground state, 


(Consider only nonrelativistic quantum mechanics. ) 


(X-8) (5 points) Calculate the short wavelength limit of a 25 keV 
X-ray tube, 


(IX-9) (5 points) A large number of identical Fermi particles are 
confined in a box of volume V, occupying the lowest accessible 
levels, By what factor does the maximum momentum of the particles 
change if we double the volume of the box, leaving the number of 


particles unchanged? 


(X-10) (5 points) State the magnetic moment of the proton to within 


a factor of 2 in accuracy. 


(X-11) (5 points) What is the ground state (in spectroscopic notation 


of the helium atom ? 


(X-12) (5 points) A particle moving under the influence of a potentia. 
Vig 1/2kr” has a wave function y(r,t). If we change the wave 


function to y (er, t) by what factors are the mean kinetic and 


Potential energies changed? 


(K-13) (10 points) Using elementary Bohr theory, 
(a) Calculate the magnetic field at the center of a hydrogen 
atom where the electron is in its ground state. 
(b) Estimate the hyperfine splitting of this state. 
(c) Calculate the frequency of radio emission that would be 


observed from hydrogen gas such as distributed throughout 


the galaxy (neglect the magnetic moment of the electron), 


i isti f two 
B9 (15 points) Consider an atomic system consisting o 
Suppose first that the protons are held 


and that we study the 
E (R). 
o 


Protons and one electron, 
‘tationary at a distance R from each other, 
round state energy of the electron as 4 function of R, 
ons for E,@) and E (0). 


(a) Give expressi 
t we cos.ider tha\two protons t 


o have an 
(b) Suppose now tha 
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"effective potential energy" V(R) equal to the sum of E R) 
and their Coulomb repulsion potential energy. In terms of’ 
E). what is the equilibrium position of the protons ? 

(c) If we assume that ER? changes smoothly and 
monotonically from E,() to E (0), make a rough sketch of 
V(R) as a function of R. 

(d) So far we have neglected any kinetic energies of the 
protons, Describe qualitatively the nature of the low-lying 
energy states corresponding to the electron in the ground state 


and the two protons in low excited states, 


(IX-15) (15 points) A parallel beam of electrons is accelerated 
through 37 volts and is incident normally on a screen containing a 
slit 1.0 A wide (clearly an impossible situation), A detector of 
small dimensions (~ 1 A) scans perpendicular to both the slit and 


the beam direction 10 cm from the screen: 


Detector moves here 


10 cm 


(a) Approximately how wide is the intensity pattern recorded 
by the detector ? 

(b) If a second slit similar to the first one is placed in the 
screen parallel to the first slit and 10 A away from it, sketch 
the intensity pattern observed by the detector, 

(c) Suppose that the intensity of the electron beam is reduced 
until only one electron is in the region between the slits and 
detector at a given instant. How does the pattern change? 


(d) What is the observed pattern if a second (transparent) | 
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(X-1 


detector is placed across one slit to obtain knowledge of which 


slit a particular electron passed through? 


(20 points) 

(a) A muon is a particle of mass 206 m and charge equal to 
that of an electron, If a negative muon is captured by an atom 
of phosphorous (Z = 15) and cascades down the various energy 
levels, what is the energy of a photon emitted by a transition of 
the muon between the n= 3 level and n = 2 level? 

(b) Experimentally a precise determination of the energy of the 
photon emitted as described in (a) can be used to obtain an 
accurate value of the muon mass. It turns out that the photon 
energy lies near the middle of the K absorption edge in lead 
(Z = 82), Make a rough calculation of the energy at which the 
lead K absorption edge occurs to show that the above 
statement is reasonable. 

(c) Explain why, from an experimental point of view, this is a 
fortunate circumstance and indicate how you would use this fact 


to obtain a precise measure of the photon energy. 


(X-2) (25 points) 


(a) Starting with the expression for the energy radiated per 


second by an accelerating charge, 


ion. 
derive the expression for the Thomson cross sect 


(b) Describe how Thomson scattering is related to Compton 

scattering, 

(c) Suppose 1/2 MeV y-rays ar 

atoms through an angle of 90 degrees. 
(1) What is the energy of the Pp 

n? From the proton? 


e scattered from hydrogen 


} 
hotons scattered from the 


electro 
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(2) Make an order-of-magnitude-estimate of the ratio 


of the scattering rates y + e /y De 


(X-3) (20 points) Given the classical formula (see problem (X-2)) 
for the power radiated by an accelerating charge, and using the 
correspondence principle, find the mean life of a highly excited 
quantum state of a simple harmonic Oscillator in terms of the 
quantum number n of the state, the classical angular frequency w, 


andthe mass m and charge e of the oscillating particle, 


(X-4) (20 points) A simple model of a nucleus of N neutrons and Z 
protons considers the nucleons bound in an infinitely deep (square) 
potential well, 
(a) Calculate an expression for the density of energy levels 
(i.e,, the number of levels per unit energy interval) in this 
potential, 
(b) When the nucleus is in its lowest energy state, what is the 
maximum kinetic energy of a single nucleon? 
(c) Show that if the nuclear density is constant this energy is 
independent of the number of nucleons, 
(d) How can the model be modified to take account of the 


electric forces between protons? 


2 


(X-5) (15 points) A paramagnetic salt of Ti?" sal, D is placed 


] 
3/2 
in a magnetic field of 10, 000 gauss and in a bath of liquid helium at 
1°K, Approximately what fraction of the Ti ions will have their 


spins aligned parallel to the field, 


(XI-1) (20 points) A javelin is "perfectly" balanced vertically with its 
point ona stationary horizontal marble slab, Estimate the time it 


takes to fall over from ‘uncertainty principle considerations, 


(XI-2) (20 points) In Some magnetic materials there exist spin waves 
2 
of frequency w = Dk where D isa constant and k is the wave 


number (magnitude of the Propagation vector) of a given spin wave. 


EN 
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The energy levels are quantized, and given by E = nhw. 
(a) Find the phase velocity v and the group velocity u for 
these waves as a function of w, 
(b) Derive the temperature dependence of the total energy 


density U associated with these waves at thermal equilibrium, 


HINTS: These waves are bosons and thus have a thermal energy 


distribution given by Planck's law as does plack-body radiation. The 
number of waves N(k) having wave numbers between k and k+ dk 
can be obtained as in the theory of the free electron gas (except that 
the spin waves have no factor of 2 for polarization as do the photons 
and electrons). 
(XI-3) (20 points) Give a brief discussion of the following topics in 
quantum mechanics: 

(a) Physigal interpretation of the wave function ¥ (x). 


(b) Rules for vector addition of angular momenta. 


(c) Selection rules for changes of j, 4 and m for 


allowed electromagnetic electric dipole transitions. 
(d) Required relationship betwe 


G and F that they be simultaneou 


en any two dynamical quantities 


sly measurable to arbitrary 


accuracy. 


i b 
(XI-4) (5 points) Estimate the kinetic energy of a ee in a carbon 
nucleus, The diameter of the nucleus 1s about 2x 10 meter. 


I-5 26 
) nt h te of 4 10 
K ) (: poi s) e sun radiates energy at the rat x 


i issi ower is 
watts including its neutrino emission. Assume the p 


ton cycle, which results in 


generated entirely by the proton-pro 


4p + He* + 26 Mev. ! 
How Many helium atoms are being formed per second in the sun's 
interior? 

within + 30%) energy 


(XI-6) (5 points) What is the approximate (i. e.» 


AK X-rays for copper? 
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(XI-7) (5 points) What minimum incident energy must an electron 
have in order to produce an electron-positron pair upon striking a 


second electron which is at rest? 


= = - - - + 
e te mè te te te 
(KI-8) (5 points) An atom has atomic number Z = 26 and frequently 
shows valence +2, Give the configuration state of its electrons. 

4.3 


[Example: The configuration state of oxygen is: (1s? 287 2p ) Py.) 


(XI-9) (5 points) Estimate the Zeeman splitting Av of hydrogen 


spectral lines in a magnetic field of 10, 000 gauss. 


(XI-10) (10 points) A particle moves in a symmetrical one- 


dimensional potential, as illustrated: 


Vv 


x 


In each of the following cases, state whether the first-order 
perturbation correction to the energy (A) raises the energy in first 
order; (B) raises the energy only in second order; (C) lowers the 
energy in first order; (D) lowers the energy only in second order; 
(E) doesn't change the energy. 


(a) Perturbing potential: äi i System is in ground 


state 9 


(b) Perturbing potential: _ System is in first 


excited state i 


(c) Perturbing potential: VA System is in ground 
state 
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(XII-1) (20 points) Consider a state of a two-particle system 


represented by the wave function 


P(e, +x,)/ 2h ~(Mt/ 24! ? 


2 
Rs (x, -X5) / 2h 
Wee e ° 


where Xp X are the positions of the two equal mass (M) 


particles moving in one dimension and interacting with a harmonic 


oscillator force F = -k(x, - Xo). 


(a) What is the expectation value of total energy of relative 


motion ? 
(b) What is the mean absolute value of relative 


momentum ? 


(c) If a measurement of relative momentum p were made, 


with what probability would one obtain 


(XII-2) (10 points) The wave function 


ik ene 
Wr) ~ e874 £09)° 
rwo 
is used to describe a quantum-mechani J scattering process. 


(a) Use y to find expressions for the incident and scattered 


probability current. 


(b) Find the relationship between f(9) and the differential 


cross section o(0). 
the excitation cross 


(XII-3) (10 points) Below is a plot of data (say, 


ick run has 
Section of an atom vs bombarding electron energy). A quick 


been made to obtain the general form. 
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You have time for five more points, Approximately where would you 


take them and why ? 


(XII-4) (5 points) What is the probability that a long-lived radioactive 
source gives 9700 counts or less during a one-second interval if its 


average counting rate with the same detector is 107/ gec? 


(XII-5) (5 points) What is the probability that a radioactive atom - 


having a mean life of ten days decays during the fifth day ? 


(XII-6) (5 points) The half-life of the neutron is about 12 minutes, 
How much energy (in MeV) must a neutron have to give it a 50% 
probability of surviving a trip to the earth from a star 10 light years 


away ? 


(XU-7) (3 points) A K meson decays into two spin zero neutral pions. 


What are the possible values of the K meson spin? 


(XII-8) (3 points) Draw the configuration of least energy for three 


~ positive charges constrained to remain on the surface of a sphere. 


Similarly, for four charges, 


(XII-9) (3 points) Estimate the height of the coulomb barrier at the 


nuclear surface for a-decay of we 


(XII-10) (3 points) What would be the radius of the 1s orbit of a 
neutron-electron system bound by the gravitational force only? (The 
5 =, 2 
universal gravitational constant G = 6,7 x 10 3 dyne-cm” /gram -) 


orbit radius = om, 


(XII-11) (3 points) How does the radius of the K shell of an atom 
depend upon the atomic number Z? 


(XII-12) (3 points) Consider a hydrogen atom whose electron is in 
the state with quantum numbers n= 3, 4=2., To what lower states 


are radiative transitions possible? (Consider only electric dipole 
transitions, ) 


(XII-13) (3 points) How many electrons can be put in the shell 
corresponding to n = 5? 
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(XII-14) (3 points) Consider an atomic system consisting of an 
electron and positron bound to each other in a state of orbital angular 
momentum £= 1, What is the magnetic moment arising from the 


orbital motion? 


(XII-15) (3 points) State the eigenvalues of each of the four spin 


operators for an electron: 

2 2 2 2 
SiiS; si, ands SS) ie eee 
KENI Zz x y z 


(XII-16) (3 points) Imagine that an electron is fixed in position so 
that it has only a spin degree of freedom, Express its energy levels 
ina uniform magnetic field H in terms of H and the fundamental 


constants e, Hi, m, c. 


(I-17) (3 points) A particle at rest, whose mass is m, decays 
into two photons (a 7? mean, for example). The formula for the 


momentum p of each photon is 


P= 3 


(XII-18) (3 points) A photon strikes an electron in a hydrogen atom 
at rest liberating the electron. Under what condition is the 
assumption that the electron was initially unbound and at rest a good 
*pproximation in analyzing this event? 


ll-19) (3 points) Consider a hydrogen atom in quantum state 
characterized by principal quantum number n = 2, In the 

‘ =0 or 
Semiclassical picture, which orbit is the more eccentric, 4 
#= 17 


f 
in i round 
(I-20) (3 points) The binding energy of the electron in its grou 


State in the He’ ionis, in electron volts: 


i which a 
&it-21) (3 points) Name two important mechanisms PY 


i h matter, 
Beam of 500 keV photons is attenuated while passing throug! 


SOLUTION SET OF 
ATOMIC PHYSICS AND QUANTUM MECHANICS 


(I-1) 

a. The size of the nucleus is small compared with the de Broglie 
Compton wavelength of low energy œ particles. Therefore the 
scattering of low energy a's by the nucleus is coherent. The cross 
section for coherent scattering of an «œ particle from Z-protons in 
the nucleus is proportional to me The scattering of an œ due to 
the electrons is incoherent because the radius of an electron's orbit 
is much larger than the de Broglie wavelength of the particle. The 
cross section for q-electron scattering is proportional to Z. 
Therefore the scattering of a-particles by a nucleus dominates over 
that due to electrons, Furthermore the energy loss due to a-nucleus 
scattering is much larger than the ionization energy loss to the 
electrons, since the energy transferred to an electron per q-electron 
scattering is less than am ve. Finally the scattering angle of the 
a-particle is much larger when it is scattered from. a nucleus rather 
than from an electron, These are the main reasons why one can 
neglect the effect of the atomic electrons. 

b. The cross section of Compton scattering is proportional to 
the inverse of the square of the mass of the scattering particle. 


Therefore we have 


cross section of photon-electron scattering 5 


m 

i Ness i 
cross section of photon-nucleus scattering m 
e 


from which we see the effect of the nucleus .on the X-ray is negligible. 
(I-2) The magnetic field at the center of a loop with current i is 


u i : 
Be (1) 


288 
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where a is the radius of the loop, For an electron inthe 2P state 


ofa H atom we have 


e 
2 
a=na, v=o. with n=2 
o n 


and 
-19 1 8 
heey ega Me x 7g7 x 3x 10 
3 7 mT a 
a. Aarne 2x 3.14x 4x 10 


TA x 1074 amp. 


Therefore we find 


=i a4 
p-4Tx10  x1.4x 10 2 gaa eeees 


= 2 
2x (2x 4008 m 


(l-3) From classical wave theory we know that the Doppler width is 


W, 
My kya (1) 
w 


where (E is the root-mean-square of the e A the 
mercury atoms and 


8 15 
2m 
UE = (any 3.0 nae )=7,48x10 sec « 
2.537 x 10 


Using the equipartition principle we bigin 


acy ZET 
2 2 
or 
-16 2 
= \(3 x 10°) 
fev = [kT > era (1.38 x 10 -24 07°) 
\ ate fy 2 902(1.66x 10 (9x1 
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Therefore we have for (1) 


7 


Aw, = 3.7.x 10! xw = (3.7 x 10° ')(7.42 x iy 3 x 10°/sec. 


D 


The natural width is defined through the uncertainty principle 


where + is the mean time that such a transition takes place, For 
electric dipole transition, q = we sec or Aw ~ PEER << Awp 
The total power radiated is 


nfic 


W = nhw nw where n =.number of photons per 
Therefore 

TELOV 18 x 
W=10 SETE 5x10 eV~ 1 joule, 


a. 1s? 28° ap 3s? ape 4s), 
b. L =0, S$ = 1/2, J=1/2, 


Cy cat 
tt 
v=) ————— 0 2AE 
-1 
L=0 
Yo (a = Av) py, (vy + Av) 


For normal Zeeman effect we have to consider only the energy split 
due to different values of m,» the 7-component of the orbital 


angular momentum. For ground state m = 0, and for the first 


excited state (4p) m,=-1, 0, +1, The energy levels and the 


‘ 
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allowed transitions are shown in the above figure. The energy shift 


AE in a magnetic field B is 


+eh 


AE = B. 


4rme 
The selection rule for transitions between magnetic sublevels is 


| 
Am =0 or +1, Thus 
| 

| 


4 
eh 
= : = + 
am, a ERATA hy | Ae 
Am, = 0: hy = hy 
4 o 
eh 
4m, So-1: “hye hy) ane 
(I-5) 
a. Since -y has to be normalized, we have the condition 
a 
E. 
i t dx =1 
or 
(r 2 31x 1 2 ge Dey 
Ç of a (cos? =>) + sin” (——) += cos 
Ga ETA 16 


where we have neglected all the cross terms which vanish after 
integration, From the above expression it is straightforward to 


carry out the integration, We find 


Pama 1 
eae (= eee 
G 2 * 39) 
or 
p lle: 
C= 4) 7 
33a” 


. i i h 
b. Substituting the three terms in y separately into the 


Schröedinger's equation we obtain 
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22 Bg 2,2 
-2 cos Æ% =F TF cos Æ = a cos = = E, cosas 
™ ax y 4a 8ma 
a a sin sues = 2 ont sin ara sin 
ma 2 a LOR a2 a 2 $ 
aaae Iome hen iN 
and - 5— —; cos ——= cos ——= E cos —, 
2m a 2 2 3 
dx 8ma 


We find these functions are the eigenstates of the system and Ey, 


Ep and Es are the corresponding eigenvalues, Since the given 


wave function is a linear combination c` the three eigenfunctions, 


the possible results of the measurement are 


2.9 222 202 
B= ee ee nae ont 
1 2 2 2 3 

8ma 2ma 8ma 


The corresponding probability to measure each of them is 
proportional to the square of the weight of each wave function, We 
find 


as 


Ses ee a ie 
R l fee 


1 2 3 


Since Pi a Po É P, equals 1, we find 


16. _ 16 i 
Pi 33°, 2 mes ooo heat 


a. 939.5 MeV or 1.675 x 1072" kg. 
b, 6,626 x Gee! erg-sec, 


c pie Say 
$ E E r 
¿h _ 2mňc _ 2m x 1973 
de Cpe or ee 200.0248 A, 
eC mic 5x10 
e 
e? 13 
Peika z 72.82 x 10 cm, 
mic 
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f. 107° seconds. 


_ 2.1 e 8 10°18 MeV 
g. Up 2mc x Gauss" 


h: crt = 3.03 x 1013 cm or q= 10° seconds, 
i, v = ac =a 10° cm/sec, 
(II-2) 
a. Substituting -x for x into the time-independent 


Schréedinger equation 


Bee 
- LI + vx) (x) = Eyl) (1) 
dx 
we obtain 
ri dea + V(-x)y(-x) = Ey (x). (2) 


Using V(x) = V(-x), we can rewrite equation (2) 
a a (- (3) 
-S HA 5 vey (x) = EVE) 
dx 


from which we see y(-x) is also a solution of the Schröedinger 


er. we know 
equation corresponding to the same energy E. Howev 


that y(x) is not degenerate; therefore y(x) and y(-x) must be 


linearly dependent, Since both wave functions are normalized, we 


obtain, 


4 
Vx) = + y(-x) H 


where + means y(x) has either positive or negative parity. 


b. The potential V(x) satisfies the condition V(x) = V(-x). 
t 
Therefore as we proved in part a that the wave function has definite 


Parity: y(x) = + y(-x). Let 


2,2 
ar 1 J 
ki “Ja and kyt (2mV,, ký ) 
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where n is an integer. Since the wave function must vanish at 
x=+a, (x) behaves like sin k & +a) inthe region -a<x< -b 
and like + sin kj (a - x) in the region b<x< a. Furthermore, y 
decreases exponentially according to 

-k, (b+x) -k, (b-x) 
e »  +(-)e . 
in the regions -b<x<0 and 0 < x<b, respectively, where +(-) 
means positive (negative) parity wave function. The ground state Wy 
has positive (even) parity and the first excited state Vo has negative 


(odd) parity, The energy for the nth state is 


The wave functions Ve Vos and CA h va) at t=0 are plotted 
below as functions of x: 


O77N Vi t ta) at t=0 
Me 


c. Let us construct a wave packet 


-íE /h “iE jt/h 


#=W,e + toe 


Simce Wa amd ta are destructive jim the right-hamd well, 
constructive in the left-hand well, and negligible in the region 
-b<x< L, is almost entirely in the left-hand well at t = 0. 


time goes on, the phase difference between the two terms of 4 
/ 
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changes as E, = Ets. Therefore the wave packet gradually 
moves to the right-hand well and then bounces back. The period of 


oscillation is 


27h, 


BE, 
(11-3) 


a. Se The magnetic moment of the positron is pointing along 
the direction of its spin, while that of the electron is opposite to the 
direction of its spin, From classical electromagnetism we know that 
the potential energy of the system of two magnetic dipoles is lower 
when the two dipoles are in the same direction rather than when the 
dipoles are in the oppasite direction, Therefore the spin of the 
Positron is opposite to the direction of the electron for the ground 
State, 

b. The reduced mass of positronium is (= (1/2)m,. 
Therefore the binding energy = (1/2) (binding energy of H) = 6.8 eV. 

c. E = (2m_ - (binding energy))/2~ 0.5 MeV. Because of 
conservation of momen and angular momentum, the two gamma 


rays are in the opposite direction with angular momenta antiparallel 
to each other, 
(II-4) 

a. 


S#',m! |[L,,L_]|4,m> 
*<£',m'|(M. + iM ,M. - iM J|, m> 
x y x a p | M ils g 
i m 
=<2),m'loGq Gi g,m> =<#',m'|2i[M,M I] 14, 
m 2M M5 im,M,)! 2 y 
“<a, m' |25M_ |2, m> 


AAE } 
2 m5(z - 2°) (m - m'). 
b. In the case that Ena operator (matrix) the functional 


&} cos x, and sinx are all defined by their c 


orresponding 


Solution Set of Atomic Physics and Quantum Mechanics 


2 
io 9/2 (io_ 6/2) 
ea. 
Sierra TE a 
2 4 
(0. 6/2)" (6 9/2) 
=1- + - ... +i 8 
2! a y2 


6 8/2)? (9/2)? 


a msi tt: 


Using the relation that o7 =1 we find 


nora | (ajay) 
a! 4! Sa 
e (9/2)° 0/2? 
Pans 31 + 51 E) 


= cos & + ig sin”, 
20y 


2 


(II-5) The electric potential inside a uniformly charged shell is 


V = e/a = constant, while the corresponding potential for a point 
charge is e/r. The energy shift is 


® 2 2 
az =f re 4 yr? ado 


aaa fae 
1.3 e 
aa al Cia ae dr 
2.2 2 to i eed 
fea 4 e a\2 4 j 10 
TE Io PE ey he) 
cn o o 0.5x 10 


from which we see the energy level has increased, Therefore the 
binding energy decreases, 


(III-1) What usually determines whether a nucleus is stable or not is 


the ratio r, defined by 


2% 
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A electrostatic ener ze?) aS 
r * surface energy of the nucleus — a2/3 
212 
= constant 


where we have used the relation: radius « a13 


and area of nucleus 
2 y 

surface x A [3 When r is small, the nucleus is stable, The 

nucleus becomes unstable when r> ry where ro corresponds to 


ATS 80, A ~ 2008 
o fe) 


We find 

(Z yes 27(2e)" 2 
Ty Constant x 7 > constant x — p = constant x K € 

o 

Thus 
g 2 (80)? azn 42" 
ESLL . Sur aioe AE Re CLES ial 
PESIN 200 32; further yN zZ 


So 2Z = 32 or Z =16, The heaviest stable nucleus would have 


216, AX30, 


(ll-2) The Paschen-Back effect occurs when uyB is comparable to 


the hyperfine separation which is of the order of 10 eV, Therefore 


-6 1 


10 Y ~ 
Bz- — =-—1) Tk 10° gauss. 
N 3x10 


2 
M-3) K.E, = mc? +m e+ amc. 
5 n n n 
ional to 1/Z and the 


-4 i the muon is proport 
) The Bohr radius of Atari olor 


number of protons in the nucleus is pre the nucleus 
e 
the Probability of the muon inside the volume occupied by ; 


Í si Pr: >ortional to z*. 


h of the 
4 de Broglie wave lengt 
ra 4 Eps 10 MeV, i.e when the 
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nucleon is not much smaller than fi/m_c, where m- is the mass of 
the pion G = oi 


(III-6) This problem is similar to the problem of a linear harmonic 
oscillator. The potential in the region x> 0 is the same as that of 


a L.H.O. Therefore we have the same Schröedinger equation 


22 
Hy = - a 12g for x>0Q 
2 de? 2 


However the boundary condition becomes 


hE =0)=0. 


For even n's, the wave functions of a L.H.O. are even functions of 
x. These wave functions do not vanish at x =0 and therefore do not 
Satisfy the above boundary condition, For odd n's, the wave 


functions are odd functions of x. Therefore 


a. Cs Pot ane 
b. Lorentz invariance, 
c. Conservation of Probability (unitarity), 


d. Conservation of the number of Fermi Particles. 


e. Conservation of angular momentum, energy, and linear 


momentum, 


a. Parity, 


b., Charge con 
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(1-9) 


Group velocity = 2 = ere = Vis 


2 
seats T EROVER is) 
Phase velocity = jy = my“ = yV’ 


(11-10). 

a. The 1s state-vanishes only at infinity. 

b. The 2s state vanishes at r = 2a, as well as at infinity, 
. The 2p(m = +1) state vanishes at 6 =0, T, and at r=0 
and r=, The 2p(m = 0) state vanishes at 9 = 1/2, (3/2)r, and at 


O 


r=0 and r=œ, (Here m is the magnetic quantum number and 


8 = colatitude), 


@1I-11) 


a. The effect of the relativity correction is to make the binding 
energy larger (energy level lower) because the mass of electrons 


becomes larger, 


b. The screen effect reduces the effective Z; therefore the 
binding energy decreases, 


in a definite orbit according to Bohr atomic model, However, 
according to quantum mechanics, the electron has a finite probability 
of getting inside the nucleus, Therefore the binding energy is 


smaller if the nucleus has finite Size, (See II-5,) 


(III-12) 
a. Only gravitational potential, Va -1 Sen 


b, Vx l/r according to Coulomb's law, 


— 
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c. The neutral atom acts like an electric dipole in the field of 
2 


the ion, The potential energy Va -1/r 
d. The nuclear potential is of the form of - eae 
e. Neutrons are neutral particles and have no electric dipoles, 
The major contribution therefore comes from the interaction 
between the magnetic dipoles associated with the neutrons, The 
potential energy of two magnetic dipoles is of the form of 


-ad.di/r 3 with dy = d, = d (magnetic dipole of a neutron), 


(I-13) The total wave function can be written as a product of 
radical function R(r) and angular function ¥(8,¢): 
V(r, osp) = R(r)¥ (9, o) a 


46,0) can be further decomposed into the angular momentum 


eigenstates as 


Wp D a y™@,o) 
tm oai 


Where y™"(g, ) are the well-known spheric1l harmonics defined for 
4 : 
£ and m integers and for 0 <m S4. Th eigenvalue of angular 


momentum corresponding to state 


m BSE 
g (8,0) is Jee + Da 
The square of all 


m ‘ 2 
v Cyl? except Ix, g)| 


* We find the 
are functions of @; so are ail the interference terms. 


nly state Satisfying the condition that 


li, o) | 2 
"If the sum of a certain interference terms 16 indepen 


P, i.e 
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is independent of 8 and » is 
¥(0,0) = Y°@.9), 


Les £=ms 0. Therefore the only allowed value of angular 


momentum is zero, The System has to be in a S state, 


(IV-1) The one-dimensional Schréedinger equation is 


N 


2 
F Ste ee vy, S 
dx 


2m 


For particles in the left-hand region, -V = 0; (1) becomes 


ay _ 2mE 
haga o 
dx ti 


the general solution of which is 


ik x ~ik |x 
Vz, 7 Ae + Be (2) 


For particles in the middle region, y = y » where V_>E, The 
o o 


P Mm 
2 ay Eoy 46,9) = const, = A 
ag wap oe A 
1J 1 J 


then by integrating over dQ and using the relation 


f ty GoW (2, 9)40 =0 for 4 # fa or m#m! 


3° 
iat 
i 


he boundary condition: 
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Eliminating C and D between (9), (10), and (11) we obtain 


~ik, 4/2 -kd k,d 
2ik, Ae 3 Aia +kJe “ E ik,) I (ik, - ke? (ky - ty 
Sh ledicsde ay 0 1 Male A MN a me 

Poa E 2 2 


from which we find the transmission coefficient is 


k |r|? | 16k, kok, 
ie pate -kd k,d2 -k.d kd? 


3 
KAT kkk e 2 e?) + (kjk, + k k)” (e te cy 


2 13 
afB(v, - ENE - V,) 
UV, - E) -VEE - V D (sinh? ka) + (V, - E) + (fE -JŒ - V, cosh’ k 


(Iv-2) Let 
3.2 
A= 
2:19 2 


To find the eigenvalues, we have to solve the consistent equation, 


JA - AI] =0 (1) 
or 
ENS 
210 (2) 
ae 
(3-AN +4 =0 
A - 4) +1) = 0. (3) 


Therefore } = 4 or -1 are the two eigenvalues of A. For \ = 4 
from the definition of eigenvector we have 
3-4 2 ;x,\ - 
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-X4 + 2X5 =0 or x, = 2x,. (5) 


The normalization condition is 


xi +x SE (6) 


oy (8) 
ay, + 2Y5 =0 or yi ATA 


mEn a » (9) 


The eigenvector corresponding to eigenvalue -1 is 


gl 

N5 

2 

N5 
(IV-3) 


v A t 
a. È is the probability current density which corresponds to 
the Poynting vector in the classical electromagnetism theory. 


b. 


* 
a He be * d òy d 
ay vdv = J) 4 a+ nay 
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itt * 2 PAREEN LA 
=a WY - wa a 
E AA x 
= A div(y grady - (grady )y oh 
=- i ve Cav. 
v 
Therefore 
+ Bal x x 
G * im grad y - (grad y WW). 
(IV-4) 


a. For the ground state the wave faction is 


13/2 Til 
Ross) xp! (=) 
Us T . ( my Ar 


where aah 0.5 A, 


b. Probability of finding the electron between r and r+ dr is 


P(r)dr = ly, l’a where dy = arr“ dr, 


p 


Therefore 
Pir)dr = (ty? exp (- Spr ar (1) 
Oo oO 


r d 
c. For maximum P(r), ee) vanishes. We get 


d PSEA 
qnlexP (- a )=0 


or 
2 

ar SFG 
a 
Oo 


which leads to 


r=a 
o 
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Re. P(r = a,) is maximum, The other solution r =0 


corresponds to the case P(r) is minimum, which is zero, 
(IV-5) 


2 
2 


o 


~ 1A, 


a, R~ bu: 
me 


b. Using the relation AT = 0,29°K-cm we find 
"i Te K 
A = 10 cm = 10 A ior aire ace 


c. Energy gap = 1.1 ev. 
d. About 200 MeV is released in fission of a single nucleus, 


Energy released ~ the binding energy of the initial nucleus- the 


binding energy of the final nucleus. 


He = 0.9 x 10°?” joules/gauss. 


(IV-6) 
a. The norntalized wasters Hon of bs ETO e eee Det eey 


two. Perfectly rigid walls separated by a distance a is, 
> es 
u (x) s2 ad 

a a 


ij tions 
Which vanishes at x= -a/2 andat x = a/2, The eigenfunc 


after the expansion of the potential walls are 


Ua (x) = [E cos BEE for n odd 
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ee 
v(x) = f sin z for n even (n # 0) 


which vanish at x =a and at x=-a, We can expand u(x) in 


terms of the set of orthonormal functions v”: 
o o 
un) 2a) a: v(x) 
n 
n=1 
where 


a/2 
He u°(x)v" (x)dx 


By md. 


n sa 


is the probability amplitude for the pecticle to be in state n. The 
probability that the particle is in the ground state is 


; a/2 a/2 
2 | Tx 1 TRAIANUS TX TX 32 
= = Nach fe ube = =^ ee — dx 
BP ay Ways z cos is cos Ja dx) a E cos ~~ cos > ) 
EA 
on” 


b. The energy is conserved in the statistical sense that the 
ate o 
initial energy E(u?) equals the sum of all the possible energy levels 


times the probability to measure each of them, i.e., 


o i 
Elu ) a E (vP; 


where E; is the eigenvalue corresponding to vi and P, is the 
1 
corresponding probability, (Refer to problem (I-5).) 


(V-1) 


negligible compared with Some typical quantity, €.g., the angular 
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b. Dulong and Petit law: the molar heat capacity of any metal 
equals 3R or 6 cal/mole-deg. 

c. Because initiatly all atoms of alkali metals are in the s- 
state which is the ground state. A 3S electron can absorb a photon 
only when the photon is in the principal series, 

d. g is 2 for electron spin angular momentum and 1 for 
electron orbital angular momentum, i 


e. Compton scattering and photoelectric effect, 
(V-2) 


a. For an electron, the energy radiated is 


3 1e 
Deeg a 
n 


10.2 eV for n=2. 
The energy levels are proportional to the mass m which is 210 


times heavier in the case of a muon, Therefore 


ert = 2142 eV, 


b. The first Bohr radius is inversely proportional to the mass 


m. Using a_=0.5A in the case of an electron, we find 
o 


j p tes ° 
Res 0, 5 <= 3 A. 
A 5 579 — 0.0023 A } 


is i he mass m 
The i = is independent of t 
c. The velocity v a Wn w i 
Because a ig inversely proportional to m while wy 
n 


Proportional to m, 


2 
We. oC 
nh on 


Where o is the fine structure constant. 


o i 
AN cm-°K, we find the 
(V-3) Using the relation À Aii T29 


= 2000°K occurs at 
maximum intensity of radiation energy at TAAR 
4 4 responding photon 
d -4 45x10 4, The corresp 
tay 7 1.45 x 10 om #1; 29:% 
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energy is about 1 eV which is a factor of 2 lower than the energy of 
the sodium yellow line (2,07 eV), However the spectrum of the 
thermal radiation energy is 


1 


c 
1 
IA) [8 eRT 


e = 1 


5 oer ee 
(1.44 x 108 WaT 1 4 E 


where the second radiation constant fy = 1,44 x 10°*m-°K = 
1.44 x 10°h-oK, 
For ) = 58904 


c 
1(5890 i—i 
(5890)? e43 _ 


which is small compared with I(1,45 x 104 Ay, i.e., 


o 4.98 2 
1(5890 A) 14,5005 e 1 5 1.44.10 -4 
prey pal Cd ae ` z 0 
1(14, 500 R) 3890) BLS (2.46) S (88.6)6.54x 1 


2.20x10 
= 0.0580, 
but larger than IA < 5900 A), Since all the sodium atoms are in the 
ground state 3 Si g the lowest available excited state is 
2 
Py (23/28 


The transitions 


2 2 
3 Pi/2,3/27 3 51/2 


corresponds to the 5890-Å line. Since the transition rule of electric 
dipole transition is AL = +1, the next lowest excited state is the 4P 
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1(3300) << I(5900), this transition is negligible compared with the 
yellow line, Therefore we conclude that the yellow line is almost 


the only appreciable line at such low temperature, 


(V-4) The Schréedinger equation is, 


g ay 
3m p * Ev, = © for x<0 (1) 
dx 
mo tE- Vv W =0 for x>0 (2) 
2m dx? Ou 
a. The solutions of (1) and (2) are 
ik_x -ik x 
¥, = Ae : + Be for x <0 (3) 
ik x -ik x 
t3 = Ce = + De for x>0 (4) 
where 
Gan AA 
Kia nsnm = 
1 Š and ky A 


For particles incident from left, D vanishes. The boundary 


conditions are 


(0) dy , (0) (5) 


¥, (0) *¥,(0) and 
Which lead to 
A+B=c 

and 

k (A - B) = kC 


or 
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1 
=———A (6) 
aE 
ha k 
k, -k 
hl 2 i 

AERE EI (7) 

ktk 


Cc 


B 


From (3), (4), (6), and (7) we have 


ik X k,-k, -ik x 
1 2 1 

b, =Ale te e 

1 ky) tk, 


8 
2k ik,x @ 


b. v =/2E/m, where y is the velocity of incident particles, 


In a box of unit cross section and length 4 = v, there is one 


particle. The density of incident particles is just Na 


Therefore 
we have 
Ay 2 Ys te ae guia (9) 
Ci Por. B<y, 
O 
2m(V be ai) 
k, = i~ = i, 
2 Ah 3 
(8) becomes 
Ik See eed ARK 
VRE ANE I tree ) (10) 
ees 
k -k x 
1 3 
Uy = 2A re 
2 ki + ik, 


the x> 0 regionis 


Wn 
=s 


3 [mV _-E) 
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(V-5) Substituting the given wave function into the Schréedinger 


equation in the spherical coordinates, 


dy, 


2 
a ae N 
am 2 ar a a 


m 


wv 


and carrying out the differentiation, we obtain 


22 
Ark 
Tm Vr + VOW, = EW, (2) 


where V(r) is a constant which can be set to zero, From this we 


see 
am ” 


The particle is a free particle, 


(VI-1) 


a. Probability current density 


i n * * 
ys. ih J (y grady - (grady )y) + dA 
s9 surface 


(Refer to problem (IV-3). 


b. For y = eikx yi a Bi we obtain 


, 


r i -ikx ikx pu hk 
e ere S (-ik)e e JdA = m l dA 


Ak j 
m 7 Propagating velocity of the wave. 
i nction is 
c. The current corresponding to a real wave fu 
identica] tò zero. 
find the 
(Vi-2) Using the equation of constant acceleration we 


Ypical transverse distance is 


S=Ax+y + 
x 
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where v, is the transverse velocity: og AP, / m 


~hAx+— ——, (1) 


where we have used the relation Ap, ~ ae according to the 


Ax 
uncertainty principle, From (1) we find the condition for minimum of 


iste fc ce è 


Ax m (ax)? 


where 


ego 2 1/4 
(ax)? - A 2H 2 H Sr Ax w (28 H, 
m g 2 2 
mg mg 


Therefore 


a. Comparing the formula VY =aZ ab with the relation 


2 4 2 
hv = E,- E, = (Z~4)°R hi- Ly- 2T me (z - 1)" 3 
i fed 92 h? 4 


we find 
1 Te? 6m 
ayt g NIRGI A 


where R is the Rydberg constant, 

b. Inan atom with large Z, all the electrons except the 1S 
electrons are usually much farther from the nucleus than the 1S 
electrons, Thus the 18 electrons have energy levels almost as if 
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the other electrons were not present, If we take E(1S)« (Z - 1)? 
and E(2P) « (1/2")(z - 1)". we obtain 


_ E(2P) - E(1S) 
v See 
h 
2 o% z ; 
or væ (Z - 1)“ whichisa special case of the Moseley's law, 
For optical frequencies we cannot neglect the interaction effect 
of other electrons since in these cases transitions of electrons in the 


higher states are involved, 


(VI-4) Let the x-axis be along the first particle's direction, The 


four momentum of the two particles are 


= (ym, v, 0, 0, iy m.c) 


Less AN 3 1 
Py = (0, 0, 0, im,c) 
where 
2-1/2 
v 

Yi G= 
c 


The rest mass of the resultant particle is 


4 
M=-( (Pi ESAN ER 
i=1 


ee 1 
Bers 8) 1/2 
=m, +m 9 * 2¥,m,m,) 


The velocity V can be calculated from P, the linear momentum of 


the resultant particle. Since momentum is conserved, we have 


P we ym, v 
Sd ed 
Tee 
2 
c 
or 
anaig 
vimžvž(? - v2) = mvc 
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from which we find 


ym, ve 
Reo 
Ve ; i 
Mc + yimiv 
(VI-5) 
a. The torque acting on an electron is 
+ 
T=0xB 
e Sine eee 
pet ee g(s x B) 
or 
_ egsB Dy ed 
oer (for s i B). 


The spin precession frequency equals the ratio of the torque to the 


angular momentum of the electron, 


> ExT 
Q= 5 
s 
or 
ews 
R = Ome 


along the direction of B-field, 


b. The cyclotron frequency is 


g 6 A #1 
vo 8.8 x 10 rad-sec -gauss for small a, 


316 
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Therefore a measurement of determines the value of a. This is 
the principle of the famous g - 2 experiment which measures the 


small deviation of the. g-factor of the muon from 2, 


(VI-6) 
a. Since the electron moves in a circular orbit, the condition 


of equilibrium is: 
snes (1) 
r 


where v is the velocity of the electron, and r is the radius of the 


orbit, 
The Bohr quantum condition is: 


Angular momentum of the electron = myr = nh for n= 1, 2, 3,¢. (2), 


Eliminating v with (1) and (2) we obtain 


(3) 


The potential energy V is 


2 


Vion (4) 
3 4 


The kinetic energy of the electron is 


ayer (5) 


The total.energy E, is then 


2 
E=- =P be PO i s 
kas 2n ň 
b. 
e“ SPEER 6 eV x a552 55 eV. 
Eln = 4) - E(n = 2) =: 23 z 


2) a RAY AERE | 
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(VII-1) 
a. The Schréedinger equations are 


# ayn) 
“oa ae 


a 1 voy (x) = Ey(x) for x>0 


hee 
- FING) | E(x) for x<0 
dx 
where Y A SIE DRE E EOE 
b, 
W(x) 


Sine wave 


Exponential 


C Por = <i0 


h Dere 


2mE Kome2yE 


i 2 = 
Using m= 0.5 MeV/c*, fe = 1,973 x 10°! MeV-cm, and 
E=10eV, we find 


-11 
1,973 x 2 1 - 
N s= ro =4x 1078 om 
3.1 x 10 
where 


2 ~ i ž 
| (2me)"E = (1,02 Mey)102 Mev)"/? 43,2 107? Mey. 
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En dý (x) 
d. The boundary conditions are that ¥(x) and == 
are continuous at x = 0. 
e€. The probability of finding the electron at some positive 
value of x is proportional to 
exp = 2x/}. 


(VII-2) 
a. Energy: Eta (n + Shy, Tits ANE AEO 
Parity: P= Cie 


b. Energy: -E = EX +E + io 
i n n n n 


" 


3 
tn tn +2 i 
( n i nS hvs 


n tn +n 
Parity: P = (-1) 


Therefore the lowest four distinct groups of energy levels are; 


Degeneracy 
i = 2s tL 
n + A EE Parity ni ai n, PBI ) 
0 an AI 0 0 0 0 1 
2) 0 
5 
= Z 1 CEAR Oat 3 
1 7o 1 
OSAL 0 
OO. 1 
vi Í j 
= + 1 J 0 Di OngG 
2 3o 1 
0 1 1 
it 0 1 
2 0 0 
0 2 0 
0 0 2 
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3 ia) zi 
o 


5 Sigh dey LO) 


oOo WO OF Ye BE DO Oe 
D-0 O mo N O ON eo ee 
i =o a a 88 et NS a = a e a r 


c. Using the relations: parity = 21)" and number of states = 
24 +1, we find the values of 4 associated with each group as listed 
above in.b. 

(VII-3) 

a. Since there are 6 2P-states, the number of ways for the 
first 2P electron is 6, while the number of states available for the 
second electron is only 5 because of the limitation of Pauli's 
principle. Therefore we have 30 ways of arrangement for the two 
2P electrons. However, since the electrons are indistinguishable, 
the actual different ways of arrangement is 30/2 = 15. 

b, Let S and L be the total spin and orbital angular 
momentum of the two electrons. The total wave function of the two 
electrons, y, can be decomposed as a product of spin wave function 
(Sy So) and orbital angular momentum wave function Er ro). 


When we interchange electron one and electron two, we find s 
eg obs 

Wy ye Fo) = 1G, ae ty) 

and 


Be ici a! 
YS Sp) = CI Sy Sp). 


Therefore 
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pL SH 


yü, 2)=( ¥(2, 1). (1) 


But according to Fermi statistics, the wave function of the two 


electrons must be antisymmetric, i.e., 

y(i, 2) = GIW 1 (2) 
From (1) and (2) we find 

S +L = even, (3) 
Since 

SES eS be S canbe 0 or 1 


and since 


i-2,+2,, iimcanlbe 0.0015") Ori 2 


It follows that the possible ways of arrangement consistent with (3) 


are: 
S L J Multiplicity ot states = 2J + 1 
0 0 O 1 
OAZ a 5 
pier Lee) 1 
pap e fing 3 
Living 5 


Total number of states = 15 


(VII-4) 
Bini 
a. 1s” de” 2p 3s . 
2 
b. 3 Siz 2 
3P 3 P * 
c. 1/2’ 3/2 


d. Fine structure splittings are caused by spin-orbit 


interactions, i.e., the interaction between the electron spin and the 


induction field B due to the nucleus in the rest frame of the 


electron, 
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e. The energy level of higher j is higher. 


f, Since the Coulomb potential is V« 1/r, dV/dr« rt 


interaction energy is proportional to 


for fixed value of L, ‘Therefore we find n = way 
(VII-5) 
a. [L., EI] = tfiL a 
e ANO Zi 
[L., L ]= iL 
Yor 


be 
([L_, L.]=iňL , and 
ZTR y 
[L Ley eg i=x, y, z 


2 2 p 
=] I Gah 
oe K ( x Nien 


i 3 2 
= (Ly $ iLL Hes 

y y 2 

= (Ly, + aon a(n + 1W m 


2 
=Ñ 4l + 1)o. 


Thus ọ is an eigenstate of pa 
Lig = L (Ly ae EN es 
=L FUL eae 
By: xz x i ae 
=(L +i h+ tH 
X ye Non 


= (m + URL, + iL W = (m + 1p 


so that » is also an eigenstate of L , 
z 


e Let Lyi = 
oe z ENA CT e O A NE: ) 


m 
BOO EL Dy. 5's 


322 


The 


(1) 


where A m ĉe constant coefficients, Multiplying es on both 


4, 
sides of (1) we get 


2 2 
EIU Yo sD RA U ET, 
x OO ee 4m 4 


(2) 
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The left side vanishes because "ie commutes with L and 
x 


2 ; 
L 4 Sle = 0. Since the Wa are orthonormal functions, each term 


on the right side of (2) must vanish, i.e., 
A m =0 unless 4= 0, 
Therefore we find 


gon oo a ane Bo 


and similarly we can prove 


LETA T a2 Si ale nc 
y oo 00 00 


(VIII-1) 
a. ee since there is one unpaired electron, 


b. we since there are no unpaired electrons, 
c fo Since there is one hole in the 2P shell. 
d. In this case one 2P electron has jumped into 3S state 


leaving one hole in the 2P shell. Using Hund's rule we find 


Siers SE L= 1; and J=0, 


3 
Therefore we get Po . 


CESI 
oO 


(VIII-2) 
Probability density « |p|? 


| 


Pæ cos? (x/ar) 


Pœ exp [-2 (ee =e )] 
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The wave function of the ground state in a potential well has 
only one maximum, The wavelength is approximately 2a inside the 
well. Outside the potential well, the probability density decreases 


exponentially, i.e., 


Pe exp(-2 dl aa 
2 


For x= d>> a/2 + dy the probability of finding the particle there 


becomes so small that it is negligible, 


(VIII-3) The spin magnetic moment of an electron is g H,S. The 
s 

angular frequency of the Larmor prec ssion is 

eB $ 


S 
A Bor 2mc E EEE 2) a 


ey 
Ibi =: 


If the electrons change their spin directions by a large angle, say 
180°, when they pass through the region between A and B, then 
the electrons will not be able to get through B since the deflection 
forces in A and B are in the Same direction, Therefore we have 


the condition 


eBt 
ee Gs ee (2) 


from which we find 


2mer T 
B AEE E o aare E 


8.8 x 10° x 10° 


The direction of the magnetic field should be either along the 


direction of motion of the beam or perpendicular to the x-z plane. 


(VII-4) Most allowed transitions in atomic energy levels take place 

; ) =o 

in approximately 10 ~ sec, Therefore we can assume the life time of 
the 2p state of hydrogen to be of the order of 10°? second, 


According to the uncertainty principle, we have 


aw. Hs, 8.8 107 tS 
10° 
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~ 6.6 x 10 ‘ev 


where 


16 


=24, 
1,05 » - ~ = 
4 eee 6.6 x 10 eV - sec. (1) 


1.60 x 107  erg/ev 


However there are two levels with n=2 and J = 1/2, i.e., the 
levels 2=0 and 4= 1. The 4 =0 state is meta-stable; therefore 
its energy level can be measured much better than that in (1), while 
the energy level of the 4 =1 state is more uncertain, The energy 
difference between the 4 = 0 level andthe 4 =1 level is so small 
that the frequency is in the microwave radio range, Since 
measurements of radio frequencies can be made very accurately, it 
is possible to measure the mean frequency of quanta absorbed in 
transitions between these two levels or equivalently the mean energy 


difference between them with great accuracy, Using the relation 


El = 1) = (E(@ = 1) = El% = 0)) + EU = 0) 


we can determine the mean energy level of 4 = 1 state better than 


that stated in (1), 


(VIII- 5) 2 
4H o =A) 
asa = = 0,53A =5.3x 10 cm. 
° me 
2 a Eat 
b. r= 56.6 x 10 A= 6.6 x 10 em, 
° nze 
ca aie, pikes -10 
c. xX ae = 3,8 x 10 cm; Note À aes 2.42 x 10 cm. 
“í S EN IAN -13 
di kis z71.4x10 cm; Note \ aS 8.88 x 10 cm. 
T T 
tee SS A TOA ENA Sn 


e, x = — =: 
a 
@m,T fox 10" x 10 


N 
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-7e =15 
A E a ora a e io cm. 
Poo 
10 
2.x = ï> 10°°A = Ligh Pye for muon-type neutrino with 
v 


ree 30Å = 3 x 16; eee for electron-type neutrino with 


hiir'2 153 ¥ 10 4° 


ra 8x Tonem. 


cm x 3a and BaS 6. Therefore 
(VIII-6) i 


a. Let P be the parity operator which reflects all coordinates 


through the origin. Assuming all states have definite parity, we find 


<P>E <y PY >=<Pp, BPI =< PPY; Pppy> 
=< 4, PpPy > 
+ + 
=<, -pp > = - <y, py> 
=-<p>, where PP = 1 


Therefore 
<p> = 0. 


b. If all the eigenstates corresponding to an eigenvalue E; 


have definite and the same parity, the expectation value of the 


position vector r must vanish, 
(VIII-7) 


a. Assuming the L-S coupling prevails for light atoms, we 
find the following rules for electric dipole transition, 
i, Parity must change 
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. AL = tae etal 
AS = 0, 
iv, AJ = 0, +1 (but not J; = Ord, = 0). 
b. If we assume J-J coupling for heavy atoms we have the 
following rules: 
i. Only one electron jumps at a time, 
ii. AJ = 0, +1 and for the jumping electron, Ag = +1 and 
Aj =0 or +1, 
iii. Parity changes. 
c. In nuclei we have the restriction in the change of the nuclei 


spin: Al = +1, 0. Parity must also change (but not L =0+ I, = 0). 


(VIII-8) Hyperfine structure is due to the interaction between the 
nuclear magnetic dipole and the magnetic field Bo TRE by the 
electron orbit current, The interaction energy is B Ba where 
Wys eh/2Mc and therefore is proportional to the inverse of M. 
Fine structure is due to the interaction between, u,» the 
electron magnetic dipole ana the Coulomb field of the nucleus, È, 


The interaction energy is ae « È where He aee and therefore 


is proportional to the inverse of m. Furthermore È increases 


with increasing Z near r= 0. If we neglect the screen effect, we 


find E« Z, Therefore we find 


(VIII-9) 


œ n 
f(x) = 2 
n=0 (nt)? n=0 


where 


n 
x 


(n1)P 


r a 
n 
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Snel 
an (n + 1)P 


+0 as n+e, 


Therefore f(x) converges for any finite value of x but goes to 
infinity faster than any finite power of x as x approaches infinity, 


b. The integral diverges, therefore f(x) is not an acceptable 


solution, 


(IX-1) 
PAIO BR)” 
Ky = kinetic energy of alpha particle = a = 2M, 
Beh AER) 
K p) = kinetic energy of deuteron = = 
D 2M5 2M) 


from which we find 


2 | 
Seo are aie Sch yh 
Ky Ma Ga 4° 1 


Therefore 
K = 2x K. = 32Mev, 
a D 
15 3 4 
(IX-2) 10°" gm/cm*, which can be estimated by multiplying the 


density of ordinary matter by the ratio of the atom volume to the 
volume occupied by the nucleus, i, e., 


x =g 
m 3 1 
pw 1 BP x GÊ) ere = 1915 _gm_ 
trh n 10 a 


(IX-3) 4, since the Coulomb Scattering is proportional to z?, 
2 
(Œ-4) me” =2y (3 x 10°)? =1,8 x 107 joules. | 


(X-5) 6.8 eV, since the reduced mass is one half of the electron 
Í 
mass; 
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([X-6) There are six transitions, two each of three different 
I 

energies, Therefore there are three spectral lines, corresponding 
\ 


to Am, = +1,0) andeaae 


(IX-7) Using uncertainty principle we find peh/R. Therefore 


T= $ 
7 
j 2R m 


(IX-8) Using the relation fic/X = 25 keV, we find % = 0.08Å. 
WE TRE TE 
(x-9) (1/2) °°, since HARS (V) ‘ 
-23 j 
(X-10) 2,8 uy oF 1.4x 10 erg/ gauss, where Uy nuclear 


magneton, 


(IX-11) Ig : 
o 


2 
(X-12) K.E. increases by a factor of a; P.E. decreases by a 


factor of ae because 
2 


PARNIS ; d 
d ENA 
K.E. = <y (ax), He p (ax)> = @ < y (ax), om ease 


y lax)> 


and 


1 k 2 2 
PLE, = <y 4x Van) a h 2 a j7 
Q 


-L <pie), Ex yaa. 
a 


([X-13) i 
a. The current due to the ground state electron is 


a) 


The magnetic field at the center of a loop with radius a and current 


i is known to be 
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where w, can be expressed in term of V(R), mass of proton and 
R . The rotational energy is 
equ 


1 
ee mee D E LE AS EID N DINU 


(TX-15) 
a. The final energy of an electron is 37 eV. The de Broglie 


wavelength is therefore, 


eA tie Fae 1973 
SR T EA L O SRS N, 
po nye 
erin ER 10° x 37 
= 0.32A, 


aaa | Detector 
= =10cm 


From classical optics we know the width of the central line of the 


diffraction pattern is 
X~ 2AA ~ 6,4 cm 
a 


over which the electron can be recorded, 
b. The intensity pattern becomes the double slit interference 


pattern, 
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c. According to quantum mechanics, the wave function of a 
single electron can interfere with itself, Therefore we should 


observe the same pattern as that in b, 
d. If there were such a detector and if one could select events 


with the electrons passing through the first slit, the single slit 


pattern would return, However, the uncertainty in the positions and 


momenta of the electrons and the detectors makes the second 


detector so unreliable (i.e., we can neither keep the second detector 


stationary at slit one nor do we know the incoming electrons are 
really parallel) that ha 


obtained from the second detector. 
Modern Physics, by Eisberg. 


rdly any additional information can be 


The double slit pattern persists. 


Refer to p, 161, Fundamental of 


(X-1) 
a. With Z = 10 and on = 206 DUNNE find 


2 Avg). e8 GeV 
34972 R (20813 me 3 


ti 
u 


88 keV. 


u 


b.. The energy at which the lead K absorption edge occurs is 


EL, =(Z = 1)"R = (817)(13.6 eV) = 89.3 keV 

K © 
The range of K X-rays therefore is 67-- 89.3 keV. When the u- 
=3 level tothe n= 


1 electron in the lead atom to 


meson falls from the n 2 level, it emits an 
X-ray which can excite one K-shel 
tion coefficient is quite large 


higher states. Therefore the absorp 


for lead. 
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c. Let us do the following: 
i, Set up the gamma source defined ina, 
ii. Puta gamma-ray detector right behind a piece of lead foil, 
which serves as the absorber. We wi detect a weak signal 


from the source because the absorption coefficient is large for 


Z = 82 element as we found in b, 

iii, One at a time, replace the lead foil with some other 
absorbers of lower Za tiie Sy. E 81, 80, 79, MERT rE]. 
absorbers should have the same radiation lengths. Try to 
detect the X-ray as in part ii, 

iv. Plot the observed X-ray intensity against the atomic 
number Z of the corresponding absorber used, At a certain 
point Z = Z» we will notice a sharp increase of the observed 
intensity as a function of Z, ie., for absorbers of Z < Z 
relatively much stronger signals are detected, while for 
absorbers of Z> Zi only weak signals are detected. We thus 


obtain the relation: 
K absorption edge of element Zi gia oat E, 22 K absorption 


edge of element Za» Here ai = 81 


From which we can Set the upper and the lower limit of the 
muon mass, i.e., 203 mí m < 209 ms 
If the mass of the muon were much larger, then Zi would be much 
larger than 82 and such element would not be found among the known 


stable elements and would not be easily available, 


(X-2) 


a. The energy scattered by the charge equals the energy 
radiated by it. Therefore 


Energy scattered Etdwe cae Ek (1) 
Wintel oo E aA — 
Unit time CY Judy a3 

€ 
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radiation is E, then 


a ee d 
m (2) 


dw. (eam 
(3) 


2 
3m ce 


The cross section Or by definition is 


2 2 
_ldw_ 8, €& ? 
A (5) 
mc 


where we have eliminated E with (3) and (4). 
b. Thomson scattering is the nonrelativistic limit of Compton 


scattering. They are also equal in the forward scattering when the 


change in wavelength is small, i.e.» 


= E 
To Onf(cos 8» I 


ARA. 
i < mail 
with f(1, E, << m,¢ ) 


c. Using the conservation laws of energy and momentum we 


find the following formula for Compton scattering: 


E 3 
incident 
E scattered E i (6) 
incident] _ cos 9) +1 

mc 

o 
F = 90° e eaen Mey and o =0.5 Mev 
Bb) 0 aaah g e j 4 incident ‘ te 


we get 


25 x 
E scattered gly ey 
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2 
it i >> 
If it is scattered from a proton, m E P cident 


Pacatered i Peters’ 


From (5) we see the cross section is proportional to iia. 


’ 


therefore 


2 


es m 
yee ~ Bes x 10° 
Y+p me 


when E, the energy of the gamma ray, is small, 


(X-3) The energy of an oscillator with quantum number n is 
E = (n+ tw 1) 
n 2 ( 


where w is the angular velocity, The corresponding classical 


expression is 
AROS (2) 


where A is the amplitude of the Oscillator, From (1) and (2) we 
obtain 


2 A 
A =(2n+ Dime (3) 


Substituting a = Aw2 into 


dw | 2 ea” 

ah asin gts 
e 

we get 
2,2 4 28 

dw_2e° A‘w ~2eW 

Ss Bagg anit 1m #) 
c mc 


The transition rule for an oscillator is 4n=+1, When the electron 


we say it is no longer 
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in the n-state, Therefore the mean life is 


2e7w7(2n tan) 
(X-4) 
a. The Schréedinger equation for a particle inside a potential 


well is 


Since the potential becomes infinite at the boundary, therefore 
y(x, y, z) =0 atthe boundary. The allowed values of total energy E 


of one proton (or neutron) is 


Pte 2 2 2 Ta 
pa 5 (atin + n) = 5) 
2ma 5 y 2ma 


where Rea and n are positive integers and ‘a is the 
dimension of the potential well, Therefore we find 
dn/ dE = Da mE A 

b. Since the total number of protons (or neutrons) is related to 


n by (n is positive and there are two spin states corresponding to 


each n) 
1,4 3 m Pa 3N 2/3 
N (or Z) = 3m yxa cry or n Tid 
we find 
2.2/3 
E = 32/ a eae for a neutron (1) 
2ma 


and similarly 


/ 
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2/3 4/3 eae 

=) E oa foisted 

f 2 
2ma 


E for a proton (2) 


¥ 3 
c. het A/a =p, N/A = ay and Z/A = Cee Note: 
A=(N AlN Since p, a and a are constants, we find 


Wee Nonan and ZRA aa ne so that 
n n p p 


2/3 
af 2/3 _ 
a (a) = constant 
a 
2/3 
a = (qa a2 3 = constant 
a" p 


Therefore E, in (1) or (2) is a constant. 
d, We have to enhance the total potential acting on the protons. 


Thus the energy levels of protons are all elevated, 


(X-5) If we gee the orbital angular momentum of the 3d 
electron of the vit irons’ is totally quenched, i.e., < Ls >=0, 
there is no contribution to the effective magnetic moment ans to the 
orbital angular momentum. (Refer to p. 629, Introduction to Solid 
State Physics by Charles Kittle.) We are dealing with the normal 
Zeeman effect. The energy levels are split according to different 


values of ms in the magnetic field, We get g=2 and 


A Hays ref Sa 
Nae. 17 a” SRP hegre Se he) 


where 


x goa =0.93x Yor are and Ny 2% 


2mc -1/2) 


is the number of electrons with spin parallel (antiparallel) to the 
field, (Note: The spin and the magnet moment of an electron are 
opposite in direction since the electron charge is negative, ) 
Therefore the fraction of the -Ti irons with their spin parallel to the 
field is 
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Nise 1 


T 
f =a l L i = 0.79 
Nja ie 1 + exp (-2x/kT) 1+ exp(-1.86/1.38) Kii 


(XI-1) According to the uncertainty principle, we know that the 
angular momentum J of the javelin and its corresponding angular 
coordinate @ cannot be simultaneously determined to arbitrary 


degree of precision, i,e., 


DO ~fi where 4 = length of javelin (1) 


[18 18, = + m4 
and cae and J are the possible initial angle and angular velocity of 
the javelin, To estimate the order of the time it takes for the 
javelin to fall over, we have to estimate the order of magnitude of 
F and 85 corresponding to the best balanced position, One simple 
way is to assume that the javelin is best balanced when the 
uncertainty in its kinetic energy is of the same order as that in its 


potential energy, Therefore we obtain 


P43. [8 2 
VON 20 2 


Eee (3) 
8 m4 pr 
and 
R a RE (4) 
o 24 

m4 


The equation of angular motion is 


Solution Set of Atomic Physics and Quantum Mechanics 340 


ees = i mgse = torque = I§ = img” 


mg x 2 
= 22 
Nearer 


After integration we obtain 


i /38,)- | / 84 38, 
| se.) 7 Lal z) 
m4 


where we have used the initial condition (3). When 6 ~ 1, the 


javelin has practically fallen over, F'om (5) we obtain 


RES 
-| 24 e fE) 
tis z d HINES 


for 4 = 1000 cm and m=1 gm we find t~ 30 sec, 


(XI-2) 


a, The energy levels of the wave are 


E = nhw = ná Dk? 


from which we find the phase velocity of the wavé is 


= 2nDk = 2n4 Dwy 


b, According to Plank's law, the distribution of the thermal 
energy is 


1 


P(E.) œ 


ex eet 
PET 


(5) 
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from which we obtain the total energy density 


drk dk 
TEPE, 


u= T E PED i 


where Ark? dk/#° is the density of the states. Therefore 


æ 
4 
w= nti J, k“ 2s ee ia 
n nÁDk fh na exp DE a 
ZB KT P- -RT 
-2D kT 5/2, 
a (aap 
Ke n 
where 
a ce 
E: 2 
exp (x )- 1 
5/2 
is a constant. .Therefore uœ T a 


X1-3) 
a. The wave function is a function of the space coordinates X; 
y, z andthe time t which describes'a system in such a way that 
i. it is an amplitude so that it can interfere with itself; 
the absolute square of the wave function is proportional 
to the probability distribution of the system being described; 
iii. it describes a single particle (photon, electron, etc.) 
rather than the statistical distribution of a large number of 


such quanta, 


Rr aes 


Ja] = daha dagl ld} - [gh + te eee 1p T + LQ 


where we have assumed lJ, | > LAR 
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Cc, 


Aj = 0, +1 (but no j= -o> j = 0) 
Ag=+1 : 
Am = +1, 0. ; wy 


d. The commutator [G, F] = GF- FG = 0. 


XI- 4) Using. the uncertainty pithciptay we find the monientum of a 
nucleon confined in a distance Ax is of the order of 


-27 
ap~ > ~—o 3x10 A A 
3x10 


where Ax = radius of carbon nucleus ~ 3 x iG em, from which we 


find the kinetic energy of the ground state is: 


2 2 
3 x SP) _ 7 Mev. 
2(Ax) m 


The mean energy is expected to be somewhat larger, Alternatively, 
we can use the expression for the mean nucleon energy according to 


the Fermi statistics in the case that kT << c (See X-4 for 
derivation of Epe) 


<e> al EE Brin!” aa? ar? x 6 2/8 
a teats phy Vv aaa es Py! 
a yids 3 x 10°")? 
-11,2 
PAAP 973 x 10 eae: 12.16 J 17 Mev. 


9380 x (19 `) x 9 


(XI-5) Number of Ho formed per second equals 


4y 107° 1038 atoms 
26 x 1.6 x 10? Da 


(XI-6) The energy of K X-ray for copper is 13.6 x (29 - 1) ev or = 
10.6Kev, 


w 
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(XI-7) Using the 4-momenta equation 
Py + Po 5 Pp 


where Pe is the momentum of the final particles, we find the 


relation 


The minimum incident energy for the production of an ra e` pair 
corresponds to the case me = 4m... Therefore Es = Tm o? or the 
threshold kinetic energy ~ 3MeV. 

(XI-8) Since the potential energy of the system is minimum when the 
magnetic dipoles of the unpaired electrons are in the same direction, 
the spins of the electrons in the n =3 states tend to line up. 
Therefore S = (1/2)(6 - 2) = 2. Furthermore L=2 and J= 4 


5 ` 
according to Hund's rule, We obtain Dy i.e., 
2 GNA sh B 
(167 oe ap? 3s 3p 4s 3d), 


(XI-9) The splitting, between the two energy levels is 


1 _ _2ehB __eB P B_ 1.76 x10" x 10° _ 
Av = Me. Aamos. ~ 2mme ~ me 27 6,28 
1 
=3 x 10 ° sec, 
(XT-10) 
a. A, because AE, = Sko’ Ho? > 0 for a positive function 
H, 
b. A, because AE, sea H,t,7 7 0- 
c. D, because sE, = <ta Ht = 0 for an odd function of 
H., but the second-order perturbation term 
r 
2 
<¢. R PE 
ea Sa 
2 E -E 
o 1 
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(XII-1) 
a. Substituting x = (x, -x,), R= (x, +x) ¥ = Valp and 
u = M/2 into the usual Schréedinger equation for two particles of 


coordinates xy and Xə we obtain the equation corresponding to 


the relative motion 


PARAS) 
e E 'ylie 
Hy, ( Ace ae Wy = Ey 


where ų is the reduced mass. After differentiation we find 


De ie ee A 
( 2% + VaR + Sk") EV, 


2 
or 
h 
2u” ky ely 


from which we obtain 


_ Nuk AER HSR 
pS ES a” ym’? 


PEE E 
b. Let y“ = gk x /ħ. Since the wave function of the ground 


state is 
\ 


= j = exp(-y"/2), we find: 


hd 
nats lal i dx x? /<V yo ina | 


u 


œ 2 2,1/4 © 2 
3 kh J ; 
al, e7 yai ay = Ee Fey ay) 


T 


- Vhvuk 
NT 


since 


oo 


2 ces 
A e7 (2ydy) = Sn e "dz = 1; 


ba 
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and 
oo 


2 
H eY dy To and gS. a ; 
Ñ 


c. Let Ņ(p) be the wave function in momentum Space, ~ ¢(p) 


is related to (A by Fourier transformation 


Beye ipx/H 2 
¥(p) sJ e e AN 


where œ =vJuk/2. We find 


© 


W(p) = J exp - (a(x + 2” + ao a 


2 
œ exp = 
4h ga 


2 
& pay A 
exp ( ANE 


The probability of p< /#N2Mk =p is 


p 
Oo A 2 
prob = iL y (p)dp/ li y (p)dp 
q EAN, 
2p AR aaa D 
= UE dq= erf(q,) 


where erf(q.) is the error function. Using 


>, Jadam Wome | Wa 


o boie 


o Va a es ven 


we find prob = erf(1) = 0. 84. 


i 


(XII-2) 
a. Let ; iM + 
ikr 
ikz 


ve 
g = £(6)—-> 
Vin =e and Viet ( r 
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-we find 


P 


z Hod Hk 
= pai > =< — = a 
Tine 7 Vin’ m yee v 


in’ im dz Vin 


. . : r; . . d V. i 
or if we define Ya antisymmetric with respect to Vin an RS 


we get 
Tine =F Wes in) ¥ Gain in) 
a she ce the ik x (ik) - e ikz ikz x (ik) 
raat ==, 
and 
scat reel 3F Fou = SF Vout out? 


y -ikr waikr 
= = (f (¢) — ixeva)® 


Aaa 
- Bk to) 2 
m T 


b. From the definition of the differential cross section, it 
follows that 


rêy 
do (8) _ Bea tir 2 
ao Sa el, 
inc 


takes place, The asymptotic value, i.e., E>> 13 is also of 


interest. If the calculation of o from raw data is Simple, we can 


AL = 6.5, =7. t 
E, 6.5 and. 7.5 a 


For example, if o(E;) is 
considerably different from (O(E, + 0,5) + o(E, - 0.5))/2, where 


i=1, or 2, or 3, then we should take data at E + 0,25, 
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(XII-4) Assuming a Gaussian distribution, we find the probability for 


-detecting n counts is 


2 
1 ; (n - N) 
P(n) = ———— exp (- —>=— ) 
n N 2T zE oe 
rms rms 


where n is the root mean square of the fluctuation in n, and N 
rms 


is the mean counting. 
For N>>1, wehave nims ~NN,. The probability for 


n< 9700 is 
1 9700 (am Nn)? 
pee ee 
n Jar 0 2n 
rms rms 
Xe 
~ 2 a exp BAE 0.0015 
Nit ise 
where 


and 


_ 9700.= Ne e AR 


one 141.4 
rms 


(XII-5) The probability of decay at time t is 


© 1 ity for the atom to survive after t) ' 
P(t) = ze tir. ax (the probability 


7“ is given to pe ten days- The probability that the atom will 
where + is 


decay during the fifth day is 


K> 
i 
= 
p: 
i 
H 
| 
@ 


“t/t po- - 


n 
o 
° 
a 
cs 
: 
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(XII-6) Since the Peulen has to be very energetic, its Speed must be 
very close to c, The time t, it takes for: the neutron to: reach the 
earth is approximately 10 years or r x 10° seconds, From the _ 
` condition that half of ‘them survive at the end of the trip, we find the 
time passed for the trip measured in a frame moving with the neutron 
has to equal te half-life'time of the neutron, a -N t =12 minutes, 
Using the relation 


Aa, Oa las A 
TEET a aie 
me 


where t is the time measured on earth, we find 


i A, 2 
Ba Tyne ete 


8 
_ 7x 10 2 5 2 ~ 5 
“72 60 * ee = (4,4x 10 m E = (4.4 x 10°)(940 MeV) 


~4x 10° Mev. 


(XII-7) Let L& be the relative angular momentum of the two pions, 
The parity of the system is iy, Bose statistics requires the two 
pions to be in an even State, thus L ig even for spinless particles 


like pions. Therefore Sk =L = even, 


(XIII-8) On the corners of 


(a) an equilateral triangle with each side = V3 R 
(b) a regular tetrahedron with each side = S R 
3 


It is because in these configurations, the charges are separated 


by the greatest distances, yet are symmetric under the interchange 


of any two charges, 


(XTI-9) 


Zuo” 90x 2x (4,8 19" 10,2 
Aze = -z5 ~ 30 Mev 
1.3 x 10 x6x 1.6 x10 


Swen 
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~ 3, - a á 
where R= ~ /238 (1.3 x 10 (eS 6x 1.3 x 10 a earth 
a4 2 2 
(XII-10) From the force equation GMm/r = mv /r, we get 


GM = Bd 


Furthermore using the Bohr quantum condition rmv = nh, we get 


nh 
y see 
bis 
Thus 
2,2 
2 nh ,2 nh 
GM=vr eer r 5 
and 
272 2 2 2 
ro Bien eee 1 fete oe if n= 1, 
2 2 GMmm  GMm o` (GM/m) o 
GMm GMm 
4,8 x 10 NHG 
2 2 78 
e 9.1 x 10 


= jm. 
a= 8, TMm a 


-8 
°g.7x%10 x 1840 


31 
m~ 0.24 x 10°) xa ~ 1.2 x 10cm. 


-9 
where a, 5x10 cm, 
(XII-11) 1/Z. 
(Xil-12) n=3, £21, andn= 2% = 1 


(XTI-13) 


4 

D 2(2¢ + 1) = 50. 
(XII-14) Since the wave function of a fermion-antifermion system 
must be antisymmetri 


following condiiion 


c according to Fermi statistics, we find the 
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(1E siiet a: =-l or £+58 = even (See problem VII-3) 


must hold, For 4 = he ala i,e., the Spins of the electron and 
the positron are in the Same direction. Since the charges of an 
electron and a positron are of Opposite sign, it follows that the 


magnetic momenta are antiparallel and the resultant is zero, 


(XII-15) + 1/2; + 1/23 + 1/2; 3/4, 


efi 
(XII- 16) + Ime? 


(XII-17) p= mc/2, 


2 
(XII-18) hy >> am c where the binding energy is 
1/2 am c? = 13.6 eV, 


(XII-19) g=1 in quantum mechanics, which is the least symmetric 
state; 2=0 in semiclassical mechanics (e,g,, in Sommerfeld's 
model), which describes a circular orbit, In classical mechanics 
we know the angular momentum 2 = r x p is maximum when 


D 8 5 j 
P ır, ie., for a circular motion, 


(XII-20) 4x 13.6 eV. 


(XII-21) Compton Scattering and Photoelectric effect, 


APPENDIX 


Table I Some Useful Physical Constants 


HBohr 


Unucleon 
Acceleration by gravity 


Gravitational constant 
1 calorie 


1 atmosphere 


= 6.02217 x io’ mole E 
= 4, 8033 x 107 esu = 1.6022 x 10° 
= 1, 6022 x 10 “erg 
= 6.5822 x 10 2 MeV-sec 
= 1.05459 x in 
= 1.973 x 10` | MeV-cm = 
= e2/fic = 1/137, 036 
-16 Hil 
1.3806 x 10. erg-K 
aii i 
= 8,617x 10  MeV-K 
=0.511 MeV 
= 938.26 MeV = 1836.1 m, 


erg-sec 


1973 ev A 


- efi/2m c 2797115257% 107 
= 980.62 cm-sec T at sea level, 45° 
= 6.6732 x 10° 


4,184 joules 


Sica. - 
em -g -sec 


1033.2275 eR 
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eti/2m_c = 0. 57884 x 10-14 Mev-gausa | 
8 Mev- gauss ie 


ies 


Table II Conversion "Table between mks and Gaussian units 


Physical Quantity Symbol Rationalized mks Gaussian 


10° centime t e rs 


maxwells 


Length 4,4,r 1 meter (m) 
(cm) 
Mass m` 1 kilogram (kg) 10° grams (= rra) 
Time t 1 second (sec) 1 second (sec } i 
Force F 1 newton 10° dynes i 
Work wW 7 
“Energy E 1 joule 10 ergs 
Power P. 1 watt 10" ergs-se~ z i 
Charge q 1 coulomb (coul) 3 x 10° state oer Lomba 
Charge density p 1 coul m`’ 3x 10° statcO ul- l 
a í 
Current I 1 ampere (coul 3x 10° statarxa poeres 
gee} ig 
Current density J 1 amp m7? 3 x 10° statamra yy oni 
Electric field E 1 volt m`! = x 10° statu oi +- 
cm = 
Potential V 1 volt qa statvolt 
Polarization P dcoulimi.” 3 x 10° statcoygy - 
em" 
(statvay t 
pat > 
Displacement D 1 coul ee 127 x 10° stat vott- 
cm 
(stat cow 
cm = > 
Conductivity o imho mi- 9x10 a 
ART R 1 ohm i 1g k sec— ey 
Capacitance ic 1 farad 9x10 cm 
Magnetic flux 9 1 weber 108 gauss-cm = = 


Physical Quantity Symbol Rationalized mks Gaussian 


Magnetic induction B 1 weber m? 107 gauss 
Magnetic field H 1 ampere-turn 4r x 10°? oersted 
art 
; x -2 sl 4 
Magnetization M 1 weber m a 10 gauss 
1 =11 
Inductance L 1 henry 9* 10 
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